REGULAR LOGARITHMIC CONNECTIONS

PIOTR ACHINGER

ABSTRACT. We introduce the notion of a regular integrable connection on a smooth log scheme over
C and construct an equivalence between the category of such connections and the category of integrable
connections on its analytification, compatible with de Rham cohomology. This extends the work of Deligne
(when the log structure is trivial), and combined with the work of Ogus yields a topological description
of the category of regular connections in terms of certain constructible sheaves on the Kato—Nakayama
space. The key ingredients are the notion of a canonical extension in this context and the existence of good
compactifications of log schemes obtained recently by Wtodarczyk.
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1. Introduction

The notion of a regular connection was introduced by Deligne [6] in order to describe the category of
complex representations of the topological fundamental group of a smooth scheme X over C in an alge-
braic way. Denote by MIC(X /C) the category of coherent Ox-modules E endowed with an integrable
connection V: E - E® Q)lf /C (such an E is locally free). We say that E is regular if its (multi-valued)
holomorphic horizontal sections have moderate growth at infinity. Deligne gave several useful character-
izations of regular connections, relating them to the classical notion of Fuchsian singularities of differ-
ential equations, and proved that the functor sending E to its analytification E,, induces an equivalence
of categories

MIC e (X /C) == MIC(X,n/C) (Existence Theorem [6, 11 5.9])

between the category of regular connections on X and the category of integrable connections on the
analytification X,,, which in turn is equivalent to the category LocSysc(X,n) of complex local systems
on X,, via the functor sending E to its sheaf EV of horizontal sections. The correspondence is compatible
with cohomology in the sense that

Hx(X,E) ~ Hig(Xan, Ean) ~ H* (Xan, E,) (Comparison Theorem [6, 11 6.2])

This equivalence is often called the Riemann—Hilbert correspondence, later extended to an equiva-
lence between regular holonomic D-modules on X and perverse sheaves on X,, by Kashiwara [11] and
Mebkhout [20]. The most important examples of regular connections are those coming from geometry,
i.e. Gauss—Manin connections or Picard—Fuchs equations. Deligne proved that for a morphism f: ¥ — X
which locally on X admits a relative simple normal crossings compactification and a regular connection E
on Y, the higher direct images R" f..(E ® Q) /X) with the Gauss—Manin connection are regular (Regularity
Theorem [6, 11 7.9)).

A pivotal role in the proofs of the above results is played by the notion of a logarithmic connection. An
snc pair (X, D) consists of a smooth scheme X over C and a simple normal crossings divisor D C X.
An (integrable) logarithmic connection on (X, D) is a coherent Ox-module E together with an integrable
connection E — E ® Qx /c(log D) where Q¢ (log D) is the sheaf of differentials with logarithmic poles
along D. Such an E might not be locally free in general. As it turns out, the notion of regularity can be
phrased in terms of logarithmic connections: for X smooth over C, an object E of MIC(X /C) is regular
if and only if for every open U C X and every compactification U < U such that (U,D = U \U) is an snc
pair, the restriction E|y extends to a logarithmic connection on (U, D). Such extensions are not unique,
but it is possible to enumerate them, and a key idea in Deligne’s work ([6, Chap. II, Proposition 5.4],
inspired by Manin [19]) is that one can single out a locally free canonical extension E, the unique one
in which the eigenvalues of the residue maps along the components of D (roughly, chosen logarithms of
the local monodromy around D) belong to the set {0 < Re(z) < 1}.

Logarithmic connections fit very well into the framework of logarithmic geometry [12]. An snc pair
(X,D) corresponds to the log scheme X = (X,My) where My is the sheaf of regular functions on X
invertible away from D; X is the “underlying scheme” of X. Every log scheme X has a sheaf of differen-
tials Q)l( e and it is possible to define the category MIC(X /C) of coherent Ox-modules endowed with a
logarithmic connection. For an snc pair (X, D), the corresponding log scheme X is smooth in the sense of
log geometry, we have Q)l( Jc = Q)li (logD), and integrable connections on X are precisely the integrable
logarithmic connections on (X, D) as defined in the previous paragraph.

The goal of this article is to extend Deligne’s results to smooth logarithmic schemes over C. Since
logarithmic connections are intimately tied to the notion of regularity, it is natural to treat them on
the same footing as connections without poles. Given the interest in analytic logarithmic connections



REGULAR LOGARITHMIC CONNECTIONS 3

[13, 10, 24], it is a bit surprising that such a theory is has not been developed earlier. That said, my
main reason for doing so is the forthcoming work [1], in which I aim to give analogous results for
“complex rigid-analytic spaces,” with applications to Hodge theory in mind. A typical space of interest
in this context is the special fiber of a semistable formal scheme over C[[¢]|, endowed with the induced
log structure. Since such log schemes do not arise from snc pairs (X, D), they are not captured by the
classical theory.

Before going into the details of log geometry, let us explain how our definition of a regular logarithmic
connection works for an snc pair (X,D). For an integrable logarithmic connection (E,V) on (X,D) to
be regular, it is insufficient to require that its restriction to X \ D be regular (in Deligne’s sense), as E
might be supported on D. To impose conditions along D as well, we proceed as follows. For every
stratum Z of the stratification of X induced by the components of D, the connection V induces a map
Viz:E|z = E|z® Q;(/C (logD)|z. A local choice of equations of D along Z induces an isomorphism

Q)I(/C(IOgD)|Z ~ 'Q]Z/C P O%Odimz’

which allows us to deduce from V| an integrable connection E|z — E|z ® Qé /c While this connection
depends on the choices made, its being regular does not, and we will say that E is regular if these
connections are regular, for all Z.

We now turn to stating the general results. In order to gain some extra flexibility, we deal with “idealized
smooth” log schemes over C, which look locally like the vanishing set of a monomial ideal in a toric
variety (Definition 2.1). This class contains log schemes coming from snc as well as special fibers of
semistable formal schemes. In §2.3, for such a log scheme X, we construct a morphism

T Xt X

from a smooth scheme X* (the disjoint union of certain torsors under tori over the log strata of X), and
a canonical “splitting” &yp;y of the log structure pulled back from X. The splitting &;,;y behaves as if it
were a section of the map from X* to its underlying scheme X*, even though no such section exists, and
in particular it allows one to turn log connections into classical connections by means of a “pull-back”
functor

e®. : MIC(X*/C) — MIC(X*/C).

univ *

Definition 1.1 (See Definition 4.1). An object E of MIC(X/C) is regular if the object &, (T*E)
of MIC(X*/C) is regular (in Deligne’s sense). We denote by MIC,e,(X/C) the full subcategory of

MIC(X /C) consisting of regular objects.

Our notion of regularity relies on Deligne’s, which makes many of the proofs easier. We give some
familiar-looking characterizations of regularity including a “cut by curves” criterion. However, in setting
up the theory, some extra difficulties have to be overcome: for example, as the functor €. (7*(—)) is not
exact and logarithmic connections might not be locally free, it is not obvious that subobjects of regular
objects are regular. It is also not completely trivial to show that every connection on a proper X is regular,

as X* will typically not be proper.

The main results of this paper can be summarized as follows.

Theorem 1.2. Let X be an idealized smooth log scheme over C.

(a) (Existence Theorem 4.14) The analytification functor E — Ey, induces an equivalence of categories

MICieg (X /C) =2 MIC(Xap/C)
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(b) (Comparison Theorem 4.17) Let E be an object of MIC e (X /C). Then
H(TR (XaE) = H(TR (Xana Ean) .

(c) (Regularity Theorem 4.22) Let f: Y — X be a proper, smooth, and exact morphism and let E be an
object of MIC,, (Y /C). Assume that Conjecture 4.21 (a form of semistable reduction) holds. Then
R'f.(E® Q;/X) are regular for all n > 0.

In [24], Ogus described the category MIC(X,,/C) of analytic log integrable connections in terms of topo-

logical data, extending the earlier work [10, 13] in the case of (quasi-)unipotent local monodromy. More

precisely, he constructed an equivalence between the category MIC(X /C) of integrable connections on
an idealized smooth log complex analytic space X and the category L(X) of certain constructible sheaves

on the Kato—Nakayama space Xj,g, compatible with cohomology (see Definition 3.11 and Theorem 3.12).

Combined with Ogus’ results, Theorem 1.2 shows that we have an equivalence of categories

MICeg (X /C) = L(Xan)

compatible with cohomology. In §5, we use it to describe the category LocSysc (Xjoe) of complex local
systems on Xjo, in terms of regular connections on X, assuming that stalks of the sheaf My are free.

As in [6], the proof of the Existence Theorem relies on the ability to extend an analytic connection to a
compactification. In other words, we need to construct “canonical extensions” in the logarithmic context.
Suitable compactifications of log schemes have only recently been constructed by Wtodarczyk [27]. We
call an open immersion j: X < X of log schemes a good compactification (Definition 2.3) if X is proper
and if étale locally the map j looks like the inclusion

Spec(C[P x Z"]/(K)) — Spec(C[P x N"]/(K))

for some r > 0, a monoid P, and an ideal K C P. Then locally, every idealized smooth log scheme over
C admits a good compactification (Theorem 2.4). The above special form of the embedding (the fact
that the “extra monoids at infinity” are free) enables us to define the exponents at infinity (analogues
of the negatives of the eigenvalues of the residue maps) of an object E of MIC(X/C). We then show
(Theorem 3.17) that every object of MIC(X,,/C) admits a unique extension to an object of MIC(X /C)
whose exponents at infinity lie in {—1 < Re(z) < 0}. The proof relies on Ogus’ equivalence between
MIC(X,n/C) and L(X,n), which allows us to reduce the question to graded modules over monoid alge-
bras.

The definition of a regular logarithmic connection extends naturally to holonomic logarithmic D-modules
in the sense of Koppensteiner—Talpo [15, 14], see Remark 4.13. This direction may deserve further study.

O Acknowledgments. The author thanks Adrian Langer, Katharina Hiibner, Arthur Ogus, Mattia Talpo,
Michael Temkin, and Alex Youcis for useful comments and discussions. This work is a part of the project
KAPIBARA supported by the funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement No 802787).

2. Preliminaries

2.1. Idealized smooth log schemes

We recall some terminology regarding (commutative) monoids and log schemes. For a monoid P (written
additively), we write P — PP for its initial homomorphism into a group, and P* C P for the largest
subgroup of P. We say that P is integral if P — P®P is injective. We say that P is sharp if P* =0 and
write P = P/P* (quotient of the group action of P*). We say that P is saturated if it is integral and for
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every x € P2 and n > 1 such that nx € im(P — P#P) we have x € im(P — P#P). A monoid P is is fs (fine
and saturated) if it is finitely generated and saturated. We note that if P is fs then P%" is a free abelian
group. An ideal of a monoid P is a subset K C P such that P+ K = K it is prime if x4y € K implies
x € K ory € K. For an ideal K of P we write v/K for the ideal of elements x € P such that nx € K for
some n > 1. A face of P is a submonoid F C P such that x+y € F implies x,y € F (equivalently, P\ F
is a prime ideal). For a face F of P, we write Pr = P+ F#P C P for the localization of P at F, and P/F
for the quotient Pr/FeP.

For a log scheme X we write X for its underlying scheme and o : My — Oy for its log structure, where
My is written additively. A morphism of log schemes f: X — Y is strict if the map of log structures
[ My — My is an isomorphism. For a ring R, a monoid P, and a homomorphism P — R (with addition
on P and multiplication on R), we write Spec(P — R) for the scheme Spec(R) endowed with the log
structure associated to the map P — R. We set Ap = Spec(P — Z[P]); later on, when we work over
C, we shall write Ap for Spec(P — C[P]). A log scheme X is fs if étale locally on X there exists an fs
monoid P and a strict morphism X — Ap. A morphism of log schemes Y — X is strict étale if it is both
strict and étale, or equivalently if it is strict and the underlying morphism of schemes Y — X is étale.

Definition 2.1. (a) Let P be an fs monoid and let K C P be an ideal. We set
Apk = Spec(P — C[P]/(K))
for the scheme cut out by K in Ap = Spec(P — C|P]) endowed with the induced log structure.
(b) Let X be an fs log scheme over C. We say that X is idealized smooth if strict étale locally on X there

exist an fs monoid P, an ideal K C P, and a strict étale morphism X — Apk.

We make the analogous definition for fs log complex analytic spaces, using “locally” instead of “étale
locally’. Then if X is an idealized smooth log scheme over C, then its analytification Xy, is an idealized
smooth log complex analytic space.

The following lemma often allows one to reduce to the case when the ideal K is trivial.
Lemma 2.2. Let X be an idealized smooth log scheme over C. Then strict étale locally on X there exist
an fs monoid P, an ideal K C P and a cartesian square

X Y

L

AP,K — AP

where Apx — Ap is the natural strict closed immersion and where the vertical maps are strict étale. In
particular, Y is smooth over C and X is cut out by a coherent ideal in My.

Proof. We may assume that X is affine and that it admits a strict étale map X — Apg for P and K as
in the statement. Write A = C[P], I = K-A, A = A/I, and X = Spec(B). Thus B is an étale A-algebra.
By Artin approximation [7, Théoréme 3] (which in the case of étale morphisms can be proved directly
lifting the presentation in [26, Tag 03PC](3)), there exists an étale A-algebra A’ with A’ /IA’ ~ A and an
étale A’-algebra B’ such that B ~ B’ /IB’ over A. Set Y = Spec(B’) and endow it with the log structure
induced by the étale map Y — Spec(A) = Ap. O
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2.2. Compactifications of log schemes

Definition 2.3 (Good embedding). Let X be an idealized smooth log scheme over C or an idealized
smooth log complex analytic space.

(a) A good embedding is an open immersion j: X < X which is locally isomorphic to the inclusion
AP.,K X an (_>AP,K x A"
for some r > 0, some fs monoid P, and some ideal K C P.

(b) For a good embedding, we denote by F the kernel of ﬂy — j.My. It is a sheaf of faces of ﬂy
whose stalks are free monoids, which we call the residual face of the good embedding X — X.

(c) A good compactification of X is a good embedding j: X < X where X is proper.

Note that if j: X — X is a good compactification, then My = j«Mx. Indeed, assuming K = &, the above
description shows that the log structure is everywhere nontrivial outside X, i.e. we have X° = X° where
X° denotes the largest open subset on which the log structure is trivial. Therefore

My = i,.04, = 050 = jut, Ogo = ju My,

where u: X° — X and ii: X° — X are the inclusions.

Theorem 2.4. Let X be an idealized smooth log scheme over C. Then there exists a strict étale cover
{X; = X }ie1 and good compactifications X; — X;.

Proof. Assume first that X is smooth. We phrase the proof in the language of toroidal embeddings
used in [27]: let D C X be the divisor where the log structure of X is nontrivial. The question being
étale local, we may assume that X is affine, that the toroidal embedding (X, D) is strict (i.e., the log
structure admits a chart Zariski locally), and that D has a unique closed stratum. By [27, Example 2.2.7],
such a toroidal embedding is extendable ([27, Definition 2.2.2]). By [27, Theorem 2.2.14], there exists
a compactification j: X — X such that (X,D) is again a strict toroidal embedding, where D denotes
the closure of D in X, and such that the divisor E = X \ X has simple normal crossings with D ([27,
Definitions 2.1.13 and 2.1.15]). The latter means precisely that (X,D + E) is a strict toroidal embedding
which locally has the form

(Ap X A", (0Ap) x A" +Ap x (JAT)),

where dAp (resp. dA”) denotes the complement of Apw (resp. GJ,). This means that the log scheme
corresponding to the toroidal embedding (X,D + E) is a good compactification of X.

In the general case, by Lemma 2.2 we may assume that X admits an exact closed immersion X — Y
where Y is smooth and X is cut out by a coherent ideal in My. Localizing further, we may assume that
Y admits a good compactification ¥ < Y. Let X be the scheme-theoretic closure of X in Y, endowed
with the log structure induced from Y. Then X < X is a good compactification as well. To see this, it is
enough to observe that the scheme-theoretic closure of Apg X G}, in Ap x A" equals Apg X A". ]

2.3. Splittings of log structures

The basic invariant of an fs log structure My on a scheme X is the constructible sheaf of monoids
My = My/ Oy, giving rise to the log stratification of X on whose strata it is locally constant. In this
section, we deal with the situation when My is locally constant, in which case the log structure on X is
“locally split.”
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The main takeaway point for the rest of the paper is that for an idealized smooth log scheme X over C,
there exists a strict morphism X* — X where X* admits a splitting of the log structure, universal for all
strict maps ¥ — X with Y reduced. Moreover, the underlying scheme of X* is smooth over C.

We treat the case of fs log schemes, but the assertions apply equally well to fs log complex analytic
spaces, formal schemes, algebraic spaces &c., with the meaning of the word locally adjusted accordingly.
Definition 2.5. Let X be an fs log scheme.

(a) We say that X has locally constant log structure if the sheaf My is locally constant.

(b) We say that X is hollow [23, §2, Definition 4] if ot(My  \ O)X(,x) = 0 for every geometric point x.

(c) A splitting of the log structure My is a homomorphism of sheaves of monoids £: My — My such

that the composition My — My — My is the identity.

For an integral monoid P, splittings of the projection P — P = P/P* are in bijection with splittings of
the associated map of groups P& — PP, Therefore, if X is an fs log scheme which locally admits a
splitting and such that My is locally constant (as we shall shortly see, the two assumptions turn out to be
equivalent), then splittings on X correspond to splittings of the locally split exact sequence of sheaves

1 03 MEP My 0

and therefore form a torsor under Ty = Hom(ﬂ}g(p, O ). The sheaf Ty is the sheaf of sections of the torus
over X with character sheaf ﬂ,g(p (see [3, Exposé X, §5-7]).

Lemma 2.6. Let X be an fs log scheme.

(a) Let € be a splitting on X, and let m be a local section of Mx. Then o(€(m)) is locally on X either a
unit or nilpotent.'

(b) X has locally constant log structure if and only if My locally admits a splitting.

(c) If X is hollow, then X has locally constant log structure. Conversely, if X is reduced and has locally
constant log structure, then X is hollow.

(d) Let P be an fs monoid and let K C P be an ideal. Then Apk has locally constant log structure if and
only if VK = P\ P*, i.e. if every element x of P is either invertible or satisfies nx € K for some n > 1.
It is hollow if and only if K = P\ P*, and in this case we may write P = Q &M with M a group and
Q a monoid such that Apk ~ Spec(Q — C[M]) where the map sends Q* to 1 and Q\ Q* to 0.

Proof. (a) We may assume X = Spec(R) for a strictly henselian local ring R, with closed point x. Let
s € My, and let f = a(s) € Ox » = R. Since nilpotent elements are the intersection of all prime ideals,
we need to show that if f ¢ p for some prime ideal p C R, then f is a unit. Let y € X be the point
corresponding to such a p. We look at the commutative square

ﬁx7x I ﬁx»;
gi ls
j\/[:X,x - MX.,y-

I the case of formal schemes, replace nilpotent with topologically nilpotent. Indeed, in an adic ring the intersection of all
open prime ideals is the set of topologically nilpotent elements.
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Let 5 € My, be the image of s. We have (5) = us for some u € O, =R*. Asa(s) = f ¢p, ie. the
image of «(s) in Ox , is a unit, the image of s in My, is in (‘);,y, so 5 maps to 0 in My ,. Therefore
£(5) = us maps to 1 in My, and uf maps to 1 in Ox ,. But then uf — 1 maps to zero in Oy, and hence
is non-invertible in Oy ,, so f is invertible.

(b) Suppose that X is locally split. By the proof of (a), we see that if x specializes to y, then Mx,x — MXJ
is bijective. By [23, §2, Lemma 5], My is locally constant. Conversely, suppose that My is locally
constant, and we want to produce a splitting locally on X. To this end, we pick a point x and we may
assume that My is constant with value P and X admits a neat chart [25, Chapter II, Definition 2.3.1] at
x, i.e. a chart P — I'(X,My). This chart defines a splitting My — My.

(c) Follows from (a) and (b).

(d) Omitted. O
Note that splittings of the log structure can be pulled back along strict morphisms. That is, if f: ¥ — X
is a strict morphism of fs log schemes and € is a splitting of My, we have a natural map

f*(€): My = f*My — (pullback under f of My as a sheaf) — f*My = My

which is a splitting of My = f*My. This construction gives rise to the following functors SchOXp — Sets:

X*(y ER X) = {splittings of f*My},

~ s x}+ if f*My is locally constant
X Lx) = =} i0S X Y
%)} otherwise

X#(Y L X) _ {Sphttlngs Of f*MX} lf (Y, f*MX) iS hOHOW
g otherwise

7

XY 5 X)= {{*} if (Y, f*My) is hollow

%} otherwise

We have natural transformations forming a cartesian square of functors

xX# o X#

L

), (e

We shall shortly recognize X” as the “log stratification” of X. The space X*, forming a torus torsor over
X", will play a key role in this paper. The spaces X* and X” will not be used in what follows.

Remark 2.7. Let X be a scheme and let N — M be a morphism of log structures on X. We get a
commutative diagram of sheaves of abelian groups

1 05 NEP N# 0

|

1 03 MeP M 0.
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Therefore the right square is a pullback, and consequently for every splitting € of M there exists a unique
splitting €’ of N for which the square

NLN

|

commutes. If f: ¥ — X is a map of log schemes and €x and &y are splittings on X and Y respectively,

we shall say that f is compatible with €x and €y if the splitting of f*My induced by &y by pullback is
equal to the splitting of f*My induced by &y as above.

This discussion implies that the four functors we have introduced are functorial in the sense that a map
Y — X of fs log schemes induces maps Y* — X*, ¥* — X" etc. Moreover, the map Y# — X* is compatible
with the universal splittings.

Proposition 2.8. Let X be an fs log scheme.

(a) The functors X* and X" are representable by formal schemes affine over X, and the map X* X is
smooth and affine.

(b) The functors X* and X > are representable by schemes of finite presentation and affine over X. The
map X* — X" is smooth and affine (a torsor under a torus over X’) and the map X’ — X is a
universally bijective monomorphism (the disjoint union of a locally finite family of finitely presented
locally closed subschemes of X ).

Example 2.9. Let X = A! = Spec(N -2 C[t]). Then

X'~ Spec(Clr,:™']) U Spf(C[t]),

X* = Spec(Clr,t ")) U SpR(CL vy ),
X" ~ Spec(Clr,r™']) U Spec(C),

X* ~ Spec(Clr,t™']) U Spec(Cly,y ']).

Here, Spec(A) is treated as the formal spectrum of A equipped with the discrete topology, and C[t] (y,y~!)
is the ¢-adic completion of C[t,y,y~!].

Example 2.10. Let X = Ap for an fs monoid P. For a face F' of P, we denote by Xr — X the strict
locally closed immersion corresponding to the map

ifpeF,
ClP| — ClF®], p{P "PET @.1)
0 otherwise.
Thus X ~ Arw. As we shall prove shortly, we have

X* ~ |_|XF X Ap/pye, (2.2)

F
X ~| |Xr, (2.3)

F

the coproducts taken over all faces F C P. The map X* — X > is the disjoint union of the projections
Xr X A(p/pyw — Xp. Note that as P/F is sharp, (P/F)® is a free abelian group, so the short exact
sequence 0 — F& — P& — (P/F)& — ( splits. Therefore X* is non-canonically isomorphic to the
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disjoint union of copies of the torus X* = Apw indexed by faces of the monoid P. However, the log
structures on the components depend on F.

Remark 2.11. The scheme X* is a toy model of the Kato—Nakayama space Xiog of X. Its class in the
Grothendieck ring of varieties Ky(Varc) seems to be the “correct” class associated to the log scheme X.

Proof of Proposition 2.8. We first deal with the case X = Ap = Spec(P — Z[P]) and reduce to this case
afterwards. We will use the notation of Example 2.10.

We handle X’ first. For a face F of P, let Pr = P—F C PP be the localization of P at F, and let
Kr = Pr \ F®, which generates the kernel of (2.1). Let Xr denote the formal spectrum of the Kp-adic
completion of Z[Pr|. We claim that X" is represented by | |z Xr. Since on the image of Xy — X the sheaf
My is constant with value P/F, the log structure on each X is locally constant. Let ¥ — X be a map
such that the induced log structure on Y is locally constant. In particular, locally on Y, the pull-back of
every p € P is either nilpotent or a unit (Lemma 2.6(a)). Since P is finitely generated, working locally on
Y, we may assume that every p is either nilpotent or a unit or Y. Let F C P be the set of p € P such that
pisauniton Y. Clearly, F is a face of P, the map P — I'(Y, Oy) factors through Pr and sends a power
of Kr to zero. Therefore Y — X factors uniquely through Xr.

The same proof shows that if ¥ — Ap is such that the induced log structure on Y is hollow, then the
nilpotent functions above have to vanish, forcing the map to factor through Spec(Z[Pr]/(KFr)) = Xr.
Therefore X’ is represented by the disjoint union of Xy taken over all faces F of P, and we proved (2.3).

Turning to X* and X*, we need to show that if X has locally constant log structure to begin with, then the
functor X* is representable by a smooth scheme over X. But, the discussion preceding Lemma 2.6 shows
that it is a torsor under the torus @(ﬂip, G,,) and hence is representable (e.g. by [21, Theorem 4.3(a)]).
A more direct analysis shows that in the case X = Spec(P — Z[F®P]) as in Example 2.10, we have
I['(X,Mx) ~ (P/F) x F&. This gives the isomorphism (2.2).

Finally, we deal with the general case. Suppose first that X’ — X is a strict étale surjection and that the
statement holds for X’. Since the formation of the four functors )?#, X b, x* x > commutes with strict
base change, we deduce that they are representable by (formal) algebraic spaces over X with the required
properties, and it remains to show that they are in fact (formal) schemes. However, X’ — X is affine,
and hence X" is a scheme by étale descent for quasi-coherent sheaves. Similarly, X" is a formal scheme.
Finally, X # 4 X” and X* — X" are affine as well, so X* is a scheme and X*is a formal scheme. Therefore
the statement holds for X.

By the above, we may reduce to the case when X admits a strict morphism X — Ap for some monoid
P, and since the statement holds for Ap and the four functors commute with base change, the statement
holds for X as well. (|

Although X* and X were defined (or described) as schemes over X, we endow them with the log struc-
tures pulled back from X. We denote by &,y the canonical splitting of the log structure on X*.

Example 2.12. Let X = Spec(P — C) be the log point associated to the sharp fs monoid P. Then
X* = Spec(P — C[P®P]) where P\ P* maps to zero. This chart corresponds to an “obvious” splitting
g, and I'(X*, My+) ~ P x P with € mapping p to (p,0). This is not the same as the universal splitting
€univ» Which maps p to (p, p).

Using the local picture (Example 2.10) we deduce the following.
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Corollary 2.13. Let X be an idealized smooth log scheme over C. Then, the underlying schemes of X*
and X’ are smooth schemes over C.

The following definition will be used in §4.4.

Definition 2.14. A quasi-compact morphism of fs log schemes f: Y — X is log dominant if the following
conditions are satisfied:

(1) f islog injective, i.e. the maps ﬂx, 15— My‘y are injective for all geometric points y — Y,

(2) the restriction of f to every log stratum of X is dominant, or equivalently, if the map ¥” — X" is
dominant.

We note that for a log dominant morphism ¥ — X, the induced morphism Y# — X* is a dominant
morphism of schemes.

2.4. Algebraic and analytic sections

Let X be a scheme locally of finite type over C, let X, be the associated complex analytic space, and let
u: Xan — X be the canonical map of locally ringed spaces. For a quasi-coherent Ox-module J, we write
Fan its pull-back u*F to Xzn. The functor F — F, is exact, and Fyy, is a coherent analytic sheaf if F is
coherent. We say that an analytic section s € I'(Xyn, Fan) is algebraic (see [6, 11.2]) if it lies in the image
of the (injective) map

u': T(X,F) — I'(Xan, Fan)-

The following result establishes a useful criterion for algebraicity of analytic sections of coherent sheaves.

Proposition 2.15. Let X be a scheme locally of finite type over C and let F be a coherent Ox-module.
Let {Z;}icr be a locally finite family of locally closed subschemes of X such that the union of |Z;| equals
|X|. For n > 0, we denote by Z;\") the n-th order thickening of Z; in X. Let s € I'(Xan, Fan) be an analytic
section of F. If for every i € I and every n > 0, the restriction of s to Z;" is algebraic, then so is s.

In other words, if we set
o x' = |||z —x,
i€ln>0

the proposition asserts that the following square is cartesian.

u*

I'x,s) I'(Xan, Fan)

*
T l l Tan

X' 7*F) — T'(X, (7" F )an)-

u

Remark 2.16. As the example X = Spec(C|x,y]/(y?)), Z =V (y), F = Ox, s = yexp(x) shows, it is not
enough to consider the restrictions to Z; and not to their thickenings. The issue is that | |Z; — X is not flat
(see Corollary 2.18 below). Of course neither is X’ — X, but effectively X’ approximates of the formal
scheme X’ which is the disjoint union of the formal completions 3; of X along Z;, and X’ — X is flat.
Since we do not wish to make sense of X/ (a formal complex analytic space), we use the scheme X’
instead of the formal scheme X’. The flatness of X’ — X is reflected in the use of the Artin—Rees lemma
in the proof below.
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Lemma 2.17. Let X be a scheme locally of finite type over C and let F — F be an injection of quasi-
coherent Ox-modules. A section s € I'(Xyn, F),,) is algebraic if and only if its image in T'(Xan, Fan) is.

Proof. The assertion to be proved is equivalent to the left square in the diagram below being cartesian.

0—T(X,5) r'(X,9) (X, F/)

0——s F(Xan, ?;n) I F(Xan,?an) - F(Xamg:aﬂ/&rgn)

The rows being exact and the right vertical map being injective, the claim follows by a simple diagram
chase. O

Corollary 2.18. Let X be a scheme locally of finite type over C and let F be a coherent Ox-module. Let
f: X" — X be a flat morphism of finite type whose image contains the associated points of F. Then, a
section s € T'(Xan, Fan) is algebraic if and only if its image in T'(X),, fo Fan) is.

Proof. Under the given assumptions, the map F < f. f*F is injective. We have amap a: (fif*F)an —
San«(f*F)an obtained by adjunction from the analytification of the counit map f*f, f*F — f*F. It fea-
tures inside a commutative diagram

I'x,s) (X, f.f*F) X', f*F)
' (Xan, Fan) —— F(Xanv (fef*F)an) o F(Xanafan.,*(f*-rf)an) _ F(Xén, (f*rf)an)

Since the map denoted « in the above diagram is injective, the image of s in I'(Xan, (fuf*F)an) is alge-
braic. It remains to invoke Lemma 2.17. O

Proof of Proposition 2.15. The question is local, so we can assume that X is affine and that there exists
a finite filtration
0=FCHC--CF=7
of J by coherent subsheaves whose graded pieces are of the form
.r:F,'/\(Jti_] ~ Oy’,
for some integral closed subschemes ¥; C X [4, Chap. 7, Ex. 18]. We will proceed by induction on the
length m of this filtration.

Consider m = 1, i.e.  ~ Oy for some closed integral subscheme ¥ C X. There exists an index i such
that Z;NY is a dense open subset of Y. We conclude by applying Corollary 2.18 to the open immersion
Z;NY — Y and the sheaf Oy.

For the induction step, it suffices to prove that if

0 F F F" 0

is a short exact sequence of coherent Ox-modules such that the assertion of the proposition holds for
both ¥ and F”, then it holds also for F. Let s” € I'(X,n, F7,) be the image of s. Then 7;,s” is algebraic,
and by the assumption on F” so is s”. Since X is affine, the short exact sequence stays exact after taking
global sections, and hence there exists an so € I'(X,F) whose image in I'(X,3") equals s”.

Let s’ = s—s9 € I'(Xan,J%,). Suppose that 7 s" is algebraic, then by the assumption on F' so is s'.
Therefore s = 5" + 50 is algebraic as well. It remains to show that x},s" is algebraic. The issue is that
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n*F — m*F might not be injective, see Remark 2.16. Working with one Z; at a time and replacing X
with a suitable affine open cover of an open containing Z;, we may reduce to the situation of Lemma 2.19
below, whose application finishes the proof. O

Lemma 2.19. Let X be an affine scheme of finite type over C and let Z C X is a closed subscheme cut
out by an ideal I C Ox. We denote by Z" the closed subscheme of X cut out by "1 Let N < M be an
injective map between coherent Ox-modules and let s € I'(Xan, Nan) be an analytic section of N. Suppose
that for all n > 0, the image of s in F(Z(”),Man\zm)) is algebraic. Then the image of s in F(Z(”),Nan|z<n))
is algebraic for alln > 0.

Proof. By the Artin—Rees lemma, there exists a k > 0 such that for all n > k we have
("IN AN C RN,
This yields the commutative diagram with exact rows
0 — (IFIM) NN —= N —— im(N = M| ) — 0

| |

0 N N Nz 0

which implies that the image of s in I'( ") N | ;o) is the image of an element of
D(Z"0 im(N — M| ye))

and hence is algebraic by Lemma 2.17 applied to the inclusion im(N — M| i) <> M| i) - O

3. Logarithmic connections and canonical extensions

3.1. Connections on log schemes with constant log structure

Definition 3.1. Let X be an idealized smooth log scheme over C or an idealized smooth log complex
analytic space. An integrable connection on X is the data of a coherent Ox-module E together with
an integrable logarithmic connection V: E — E ® Q} sc- We denote by MIC(X/C) the category of
integrable connections and horizontal maps.

As in the case of smooth schemes X (with no log structure), the category MIC(X/C) is a C-linear
abelian category endowed with a symmetric monoidal tensor product £ ® F' and internal Hom, denoted
Hom(E, F). Unlike the classical case, its objects are not locally free, it is not rigid as a tensor category,
and the tensor product is not exact.

The de Rham complex QF - ® E and the de Rham cohomology Hx(X,E) = H*(X,E ® Q} /C) are
defined in the usual way. We have the useful formula

Hom(E,F) = H% (X,Hom(E,F)).
A morphism f: X’ — X induces a pull-back functor
£*: MIC(X/C) — MIC(X'/C)

which agrees with the module pullback on underlying sheaves, and for every object E of MIC(X/C) a
map f*: Hjx(X,E) — Hjzx (X', f*E). For an idealized smooth log scheme X over C we have an analyti-
fication functor

E—E,, : MIC(X/C)— MIC(Xu/C),
and a natural morphism Hj, (X,E) — Hjg (Xan, Ean)-
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Lemma 3.2. Let X be a hollow idealized smooth log scheme over C or log complex analytic space. Then,
the following hold.

(a) The underlying scheme X is smooth.

(b) The map M)g(p — Q)](/X

derivation on X relative to X) annihilates the subsheaf Oy and induces an isomorphism

sending a local section m to the image of dlog(m) (part of the universal log

M}g{p ®z Ox =% .Q)l(/x
(c) The following sequence is exact.

O—>Q§£/C—>Q§/C—>M§p®zox —0

Proof. Since X locally admits a strict étale map X — Apgx where K = P\ P*, we may assume X =
App\px. Then X = Spec(C[P*]) is smooth, and the short exact sequence in question takes the form

0 — C[P*]®@P* — C[P*]®@P® —— C[P*]@ P* —— 0. 0

In this subsection, we shall explicate the category MIC(X /C) in the case when X is hollow and idealized
smooth. For the sake of intuition, we note that the Betti realization of such an X is a torus bundle over X, .
More precisely, the map 7: Xjo, — X, is a torsor under the family of real tori Hom(My,S'). A splitting
€ of My provides a section of this torsor (see Figure 3.1), and a pull-back functor €® from local systems
on X, to local systems on X,,. We use the superscript ® here to indicate that the functor is not induced
by a map of log schemes X — X, though it behaves as if it was. The Kiinneth theorem allows one to
identify local systems on Xj,, with local systems on X endowed with an action of Hom(My,Z(1)).

= =
Tl ) E

X

an
FIGURE 1. The Kato—Nakayama space of a log scheme X with a splitting €.

Proceeding by analogy, we shall now describe integrable connections on X in terms of integrable con-
nections on X depending on the choice of a splitting €.

Construction 3.3. Let X be a hollow idealized smooth log scheme over k and let € be a splitting on
X. Although ¢ (or rather the corresponding retraction €': My — Oy = My) does not come from a
morphism of log schemes X — X, it induces a morphism

® . 1 1
e®: Qy/c — O /c

as follows. Recall that giving a map Q)l( c JF of Ox-modules is equivalent to giving a log derivation
with values in F, which by definition is a pair of maps (0, 9'°2) where d: Ox — JF is a derivation and
where 9'°2: My — F is a monoid homomorphism satisfying o (m)d'°¢(m) = d(a(m)) for every local
section m of My. Let d%: My — Q§(/C be the map sending a local section m to dlog(¢’(m)) and let
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d: Ox — Q)]( /C be the universal derivation on X. We claim that the pair (d, déog) forms a log derivation
on X /C. By definition, we need to verify the formula

o(m)dg(m) = do(m)

for a local section m of M. By Lemma 2.6, a(m) is nilpotent if m ¢ Ox, so ot(m) = 0 as X is reduced,
and the formula is satisfied in this case. For m € O;, the formula is obvious. We let £® be the Ox-linear
map corresponding to this log derivation by the universal property of Q}l( e

Let Qx = Q}( X = ﬁ?}p ®z Ox (Lemma 3.2). The map €% splits the short exact sequence introduced in

Lemma 3.2

0 Q! 0y ——>0

x/C Q

1
X/C
Using the induced decomposition Q}]( Jc = Qx & QIX Jc> e see that the data of a logarithmic connection

E—-E®QQ, /¢ amounts to the data of a pair of maps (e®(V),py) defined as

e(V):E-E0Q)c CHE®Q) e, pviE-HE®Q)c b E®y

where €®(V) is a connection on X and where py is Ox-linear.
Lemma 34. Let V. E - E® Q}I( /c be a logarithmic connection on an Ox-module E. Then V is inte-
grable if and only if the following conditions hold:
i. the connection €®*(V): E - E® Q)l,( Jc is integrable,
ii. themap py: E — E®Qyx is a Qx-Higgs field,
iii. the map pv: E — E ® Qx is horizontal, where we endow Qx = ﬂip ®z Ox with the canonical

connection satisfying V(im® 1) = 0, and E ® Qx with the tensor product connection.

Before we give the (straightforward) proof, let us recall the notion of a Higgs field used in its statement.
We will make use of the extra generality shortly.
Definition 3.5. Let (A, ®) be a symmetric monoidal abelian category.

(a) For an object F of A and r > 0, the r-th exterior power N'F is the image of the antisymmetrization
map ¥oes (—1)%€0) o FO — F see [5, §7, p. 165]. For i, j > 0, we denote by A the map

A: NFQNF —s NTIF,

(b) Let F be an object of A. An F-Higgs object of A is a pair (E,0) where E is an object of A and

0: E — E®F is amorphism (called a Higgs field) satisfying 8' 0 & = 0 where ' is the map
EoF 2L EoFoF 125 Ea ATF,

A morphism of F-Higgs objects (E’,0") — (E, 0) is a morphism f: E’' — E for which the square

E-Y EpoF

| e
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commutes. We denote by HIGg(A) the category of F-Higgs objects of AZ

(c) Let (E,0) be an F-Higgs object of A. The Higgs complex of (E, 0) is the complex

E—EQF —EQNF —s -

where the differential 6°: E® A'F — E ® A'T'F is the composition

EoNF LN p o FoANF 120 Eg AFIE,

Proof of Lemma 3.4. Using the decomposition Q?UC ~ Q§/C (% ® Q)I(/C) ® A?Qy induced by €®, we
can describe the sequence £ — E ® Q}l( o™ E® Qi /c as the totalization of the diagram

E®Q§£/C

e®(V)!

py®1
E®Q) ¢ LA E®% Q) ¢

o

E E®Qx E® A2Qy.

Py

where § is the connection on E ® Qy, explicitly described as d(e ® q) = s(V(e) ® q) for e € E and
g e MY where s: E® Q}l(/c Ry L ERQr ® Q)l(/c is the shuffle map. Therefore V! oV = 0 if and

only if €®(V)!0&®(V) =0, pl 0 py = 0, and the square in the diagram commutes. O

Remarks 3.6. 1. Suppose that My is constant with value N”. The above shows that in the presence of a

splitting € on X, the data of a log integrable connection on X is equivalent to the data of an integrable
connection on X endowed with r commuting horizontal endomorphisms (the “residues”).

. Let f: Y — X be a map between hollow idealized smooth log schemes over C and let €x and &y

be splittings with which f is compatible (Remark 2.7). Then, we have an isomorphism of functors
&7 (f*(—)) = f*(e¢ (—)) from MIC(X /C) to MIC(Y /C),

. The following variant is quite useful in practice. Let (X, D) be an snc pair and let X be the associated

log scheme. Let Dy,...,D, be the components of D. For I C {1,...,r}, let Z = (;¢;D; be the
closure of a stratum of D and let 0Z =ZnN UigrDi. Then (Z,0Z) is an snc pair, and we denote
by Z' the corresponding log scheme. We have a morphism of log schemes Z — Z’ which is the
identity on the underlying schemes. This map étale locally admits a “splitting,” i.e. a splitting € of the
map Mz — M. In turn, the splitting € induces a functor €*: MIC(Z/C) — MIC(Z'/C) enjoying
properties similar to those listed in Proposition 3.7 below. See [18, §3.3] for related calculations.

. The dual map (e®)": Ty /c = Txc defines a morphism of Lie algebroids, i.e. it is a morphism of

C-Lie algebras on X (see [16, §2]) such that uo (€¥)" is the identity where u: Ty /c — Ty ¢ is the
map induced by the map of log schemes X — X. In particular, we obtain a functor on the level of
modules over those algebroids which agrees with €.

A F s dualizable, then the data of an F-Higgs field on an object E is equivalent to the structure of an Sym(F")-module

on E. As pointed out by Langer [17, §4, especially Remark 4.12], in general it is better to work with the category of Sym(L)-

modules for an object L of A — for example, unlike the category of F-Higgs objects in our sense, it is always an abelian

category. Fortunately in our setting the object F will always be dualizable.
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5. The functor €®: MIC(X /C) — MIC(X /C) extends to a functor
€¥: Modon(Dx) — Modeon(Dy)

between the categories of coherent (log) D-modules [15, 14].
Summarizing the above discussion, we have proved:

Proposition 3.7. Let X be a hollow idealized smooth log scheme over C and let € be a splitting on X.
Then, the following assertions hold.

(a) The sheaf My is locally constant, X is smooth over C, and € induces a map
®. ol 1
splitting the exact sequence

E— . > NreP
0 Q)l,(/c Q)l(/C QXHOa QX:MX ®ZOX.

(b) In turn, the map €® induces a monoidal functor
£¥: MIC(X/C) — MIC(X/C)
and an equivalence of categories

(E,V)~ (e®(E,V),py) : MIC(X/C) -5 HIGq, (MIC(X/C)).

(c) The equivalence in (b) is compatible with cohomology in the following way. For an object (E,V) of
MIC(X /C), we have a functorial isomorphism between the de Rham complex E ® QS sc of E and
the total complex of the double complex

= EQNOx @ Q) —= E® A0y @ Qff — -

- ——= EQNUQ Q) o — EQAHO®Q) ¢

—_— > ..

whose i-th column is the de Rham complex of E® NQx and whose j-th row is the Higgs complex of
E tensored with Qi( I

Corollary 3.8. Let X be a hollow idealized smooth log scheme over C. Then, every object of MIC(X /C)
is locally free as an Ox-module, and the category MIC(X /C) is a rigid tensor category [5, §2]. If X is
connected, then for every point x € X (C) and every splitting € on x, the functor

® = €e¥ox": MIC(X/C) — MIC(x/C) = Vectc
is an exact faithful C-linear tensor functor, making (MIC(X /C), ®) a Tannakian category.

Proof. Since X locally admits a splitting, for every object (E, V) of MIC(X /C), the Ox-module E locally
admits the structure of an object of MIC(X /C) and hence is locally free. The rest follows. ]
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The following straightforward lemma records the dependence of €® (E) on the splitting €.

Lemma 3.9. Let X be a hollow idealized smooth log scheme over C and let €; (i =0, 1) be two splittings
on X. We treat €/¢€ as a map My — Og. The composition dlog(€&/€): My — Og — Q)I(/C is additive

and hence uniquely extends to an Ox-linear map 8(&y,€1): Qx — Q)l(/c. Let (E,V) be an object of

MIC(X /C). Then, the Ox-linear map €5 (V) — & (V) equals the composition

pv 1®6(807£1 ) 1

E E®9Qyx E®QX/C'

Finally, we state a result for a general idealized smooth (non-hollow) log scheme X. Intuitively, it says
that the “map” €unjy 0 7: X* — X is “unramified.”

Lemma 3.10. Let X be an idealized smooth log scheme over C and let w: X* — X be the morphism
constructed in §2.3, endowed with the universal splitting €uniy. Then, the composition
n*

LYo

X#/C iiv Ql

*01
T Q X*/C

is an isomorphism.

1

Xb/C’
Working locally, by Lemma 2.6(d) we may assume that X = Spec(P — C) x G/, for some sharp fs monoid
P, where P — C maps P\ 0 to 0. In this case, X" = Spec(P — C[P®P]) x G, where P — C[P] maps
P\ 0 to 0, and &iv(p) = (p,p) (see Example 2.12). The rest follows by a direct calculation using the

formula

Proof. Since the log stratification p: X” — X satisfies p*Q)lf /= Q we may assume that X is hollow.

2. w*(dlog(p)) = dlog(p). O

3.2. Ogus’ Riemann-Hilbert correspondence

Ogus’ correspondence [24] describes the category MIC(X /C) of integrable connections on an idealized
smooth log complex analytic space X in terms of certain constructible sheaves on the Kato—Nakayama
space Xjog.

At its kernel, it is a generalization of the following basic fact. A locally free log connection on the open
unit disc in A{' can be put in the form (O%,d 4+ Udlogz) where U € M,,,(C) is a constant matrix. The
monodromy of the associated local system on the punctured disc is given by T = exp(—2miU) [6, Chap.
II, Lemme 1.17.1]. In order to recover the log connection from its monodromy, we need to describe the
set of “logarithms” of the matrix 7', which is in bijection with the set of C-gradings C" = @, ¢V}, stable
under U and such that U has unique eigenvalue exp(—2miAd) on Vj, for every A € C, determined by the
condition that 7 has unique eigenvalue A on V.

Definition 3.11 ([24, Definition 3.2.4]). Let X be an idealized smooth log complex analytic space. We
set Ky = a~1(0)/05 C My, and define
C?g:C[—T*Mx}/(—Ex), Ax :C®T*ﬁ)g(p

where T: Xjo¢ — X is the Kato—Nakayama space of X. The inclusion —7*My — A makes C;?g into a
Ax-graded sheaf of rings on Xjo,. We also set Iy = Hom(ﬂ}gfx, Z(1)) =m(t'(x)) forx € X.

We denote by L(X) the category (denoted Lé\oh(C],?g) in [24]) of Ax-graded C?g—modules V satisfying
the following conditions:
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(1) V is log constructible [24, Definition 3.2.3],
(2) for every x € Xy, the stalk V, is finitely generated over C?i = C[—ﬁxvf(x)] /(=Kx z(x))s
(3) for every log path [24, p. 704] from x to y in Xjo, the cospecialization map
Yoyt Ve @gioe O — Vs
is an isomorphism,
(4) for every x € Xjog, every Y € Iy, and every A € Ay x, the number exp(A,7) is the unique eigen-
value of y: Vy 3 — Vs
Theorem 3.12 ([24, Theorem 3.4.2]). Let X be an idealized smooth log complex analytic space.” There
is an equivalence of tensor categories
V: MIC(X/C) == L(X),

functorial with respect to maps Y — X of idealized smooth log complex analytic spaces. Furthermore,
there is a functorial (in both E and X ) quasi-isomorphism

E®Qy ;c — RT.(V(E))o
where the subscript 0 denotes the zeroth graded piece.

Remark 3.13 (Functoriality of V). Functoriality of the equivalence V with respect to X means the fol-
lowing. Let f: ¥ — X be a map of idealized smooth log complex analytic spaces. The pullback functor
LX) — L(Y)
is induced by the module pullback functor with respect to the map of ringed spaces

(Ylog,C?g) — (X10g7cg?g)a

with Ay-grading induced by the Ax grading via the map f*Ax — Ay. Then, functoriality means the
existence of a natural isomorphism between the two compositions in the square below.

MIC(X /C) kil L(X) G.1)
f*l J{ f*
MIC(Y/C) - L(Y).

Example 3.14. Let P be a sharp fs monoid and let K C P be an ideal. Let L(P,K) be the category of
finitely generated PP © C-graded C[P]/(K)-modules V = @) cpwec Vs endowed with a homogeneous
action of m;(P) = Hom(P#P,Z(1)) such that for every y € m;(P) and every A € P® ® C, the number
exp(A,7) is the unique eigenvalue of y: V; — V). Let X = Ap. Then by [24, Proposition 3.2.5] there
is a tensor equivalence

L(Xan) ~ L(—P,—K).

3In [24] this theorem is stated for analytifications of idealized smooth log schemes over C, but the proof does not make use
of that assumption.
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Lemma 3.15. Let P be a sharp fs monoid and let K C P be an ideal. Let F C P be a face disjoint from
KandletP' =P, K' =K+ P. Let X = APy C Hom(P,C) and X' = A;‘,‘,’K, C X. For a generating set S
of P and a real number & > 0, consider the following open subsets:

Us={xeX :|x(p)| <8 forpeS},
Us=UsNX'

Then, there are tensor equivalences L(Us) ~ L(—P,—K) and L(Ug) ~ L(—P',K’) fitting inside a com-
mutative square

L(Us) ——— L(Ug)

i |

L(—P,—K) — L(—P',—K').

Proof. We first show that for every face F' of P disjoint from K, the inclusion of Us N Xp < XF is a
homotopy equivalence. Here Xr = Are is the stratum corresponding to F. To show this we may ignore
the ideal K. We also note that SN F is a generating set for F. Identifying X with Hom(P,C), we have

Xp={x:P—C:x {(C*)=F}
— Hom(F®,C*) = Hom(F& R.() x Hom(F& S"),

XpNUs ={x: F® - C* : [x(p)| < S forpe SNF}
= {x: F® — Rog : x(p) < & for p € SNF} x Hom(F S").

It remains to observe that the set cut out by the equations x(p) < 6 in the convex cone Hom(F&P,R~)
is convex and contains a neighborhood of zero, and hence is contractible, so that its inclusion into
Hom(F#P,R-) is a homotopy equivalence.

The following description of log constructible sheaves on X'°¢ where X = Apx appears in [24, §3.2].
Such a sheaf corresponds to the data of a functor

F: {faces of P} — m;(P)-sets

where F(F) is the stalk of the corresponding sheaf at a prescribed point of X log, and where the maps
F(F') — F(F) for F' C F correspond to the cospecialization maps. In these terms, the sheaf C?g
corresponds to the family of algebras C[—P/F]/(—K), the sheaf of gradings Ax corresponds to the
family of groups (P/F)% ® C, and an object V of L(X) corresponds to the family of finitely gener-
ated (P/F)® & C-graded C[—P/F]/(—K)-modules Vy endowed with an action of 7;(P) satisfying the
suitable condition on eigenvalues, and such that the cospecialization map for the inclusion 0 C F in-
duces an isomorphism Vi = Vo ®@c|_p|/(—k) C[=P/F]/(—K). It is therefore determined by the object
Vo € L(—P,—K) (see the discussion following [24, Definition 3.2.4]), and so L(X) is equivalent to the
category L(—P,—K). We have just explained the proof of [24, Proposition 3.2.5] mentioned in Exam-

ple 3.14 above.

The point of going into Ogus’ proof is that his argument for this description, employing the universal
cover of X'°¢, applies equally well to any open subset U C X" with the property that for every face F of
P disjoint from F, the preimage of U N Xy in the universal cover of X'°2 is contractible. In particular, by
the result of the first paragraph, it applies to the sets Us and Uy, and we obtain our assertion. (Il
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3.3. Canonical extensions

In this section, we fix a good embedding j: X — X of log complex analytic spaces (Definition 2.3). For
x € X, we have a canonical isomorphism

MY,x ~ 9:'x 2] (]*ﬂX)x

where F, ~ N* for some s > 0 depending on x. For an object E of MIC(X /C), the generators ey, ..., es
(well defined up to permutation) of F, induce linear endomorphisms (“residues”)

pi: Ex — Ey, E, =E®xK(x).
We denote by R, C C the union of the set of negatives of the eigenvalues of p1,...,py and call it the set
of exponents at infinity of E at x.
Definition 3.16. Let 7: C/Z — C be a section of the projection C — C/Z and let j: X — X be a good
embedding. We say that an object E € MIC(X /C) is T-adapted if:
(1) for every x € X, the set R, of exponents at infinity of E at x is contained in im(7),
(2) the map E — j.j*FE is injective.

We denote by MIC®(X, X /C) the full subcategory of MIC(X /C) consisting of T-adapted objects.

Theorem 3.17. Let ©: C/Z — C be a section of the projection C — C/Z.
(a) The restriction functor induces an equivalence

MIC® (X, X /C) -~ MIC(X/C).

(b) If ©(0) = 0, then for every object E of MIC*(X,X /C) the map
j* : H;R()?aE) — H;R(Xﬁj*E)
is an isomorphism.
(c) An object E of MIC*(X,X /C) is locally free (as an Ox-module) if and only if its restriction to X is
locally free.

Before proving the result, we show an auxiliary statement about monoids.

Lemma 3.18. Let P be a sharp fs monoid and let Q = P x N" and Q' = P x 2. Let K C P be an ideal,
and denote also by K the ideal it generates in Q and Q'. Denote by L*(Q,K) the full subcategory of
L(Q,K) (see Example 3.14) consisting of objects V such that

(1) V is generated as a C[Q]-module by @ c(poac)xim(zy V2,
(2) the mapV — V' =V ®c(g) C[Q'] is injective.
Then
(a) the functorV — V' =V ®clo] C[Q'] induces an equivalence of categories

L7(Q,K) = L(Q',K),

(b) an object V of L*(Q) is free as a C[Q]/(K)-module if and only if V' is free as a C|Q']/(K)-module.
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Proof. LetL = {z€ C : z—1(z) € N}. For an object V' of L(Q’,K), we set
v= @ .
Ae(PPRC)xE"
This is a 0 @ C-graded C[Q]-module with an action of 7 (Q) = m; (Q') satisfying the required condition

on eigenvalues. We check that it is finitely generated by homogeneous elements lying in degrees in

(P2 ©C) x im(7)".

Let v}, ...,v, be homogeneous generators of V' lying in degrees A/ = (1;,4;;,...,4;,). Let
AL ) =2 FYRIY .
vy TR e i 2= (T, 7)) € (PR @ C) xim(e)',

these elements generate V. Finally, we have V' =V ®¢(g C[Q'], so V — V ®¢[g C[Q'] is injective. The
construction V’ +— V is functorial in V' and produces a quasi-inverse to the given functor, showing (a).

To show (b), suppose that V' is freely generated by the homogeneous elements v; € V;,. Then V is freely
generated by the elements v;. (Il

Proof of Theorem 3.17. (a) The subcategory MIC*(X,X /C) of MIC(X/C) is defined by a pointwise
condition and hence is of local nature on X. Localizing near a point x € X and using the local form of
a good embedding, we may assume that X is an open subset of the form Us of Apxnr x appearing in
Lemma 3.15, so that X = U «IS' Using that lemma combined with Theorem 3.12 and [24, Remark 2.1.3],
we obtain a commutative square of categories and functors

MIC?(X, X /C) —— MIC(X/C)

| |
L*(PXN',K) — L(Px Z',K)

where L¥(P x N",K) is as in Lemma 3.18. The bottom arrow is an equivalence by (a) of that lemma, and
the assertion follows.

(b) Using the argument in (a), this follows from Lemma 3.18(b). O

4. Regular connections and the Riemann—Hilbert correspondence

4.1. Regular connections

Let X be an idealized smooth log scheme over C, let 7: X# — X be the morphism constructed in Propo-
sition 2.8, and let &,;, be the universal splitting of the log structure My+ = 7*My. The log scheme X*
is idealized smooth and hollow, and so its underlying scheme is smooth (Lemma 3.2(a)). As in §3.1, we
have a functor

e®.  MIC(X*/C) — MIC(X*/C).
Definition 4.1. With notation as above, we say that an object E of MIC(X/C) is regular if the object
e®. (m*E) of MIC(X*/C) is regular in the classical sense [6, Chap. II, Définition 4.2]. We denote by

univ

MIC,, (X /C) the full subcategory of MIC(X /C) consisting of the regular objects.

We note right away that if X has trivial log structure, then X = X* = X and an object E of MIC(X /C) =
MIC(X/C) is regular in the above sense if and only if it is regular in the classical sense.

The use of the universal splitting €. on X* is nicely canonical. However, any splitting will do:

univ
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Lemma 4.2. Let X be a hollow idealized smooth log scheme over C and let €; (i =0, 1) be two splittings
on X. Let E be an object of MIC(X /C). Then gy (E) is regular if and only if € (E) is regular.

Proof. We may assume that My is constant with value P and that ¥ admits a good compactification
Y < Y (which in this case means the usual snc compactification). Write V; = &7 (V) for the connection
on &”(E), and suppose that &’ (E) = (E, V) is regular. Let E be the canonical extension of (E, V) to
a connection on Y with logarithmic poles along D =Y \ Y. We claim that V; extends to a logarithmic
connection on E as well, showing that & (E) = (E, V) is regular.

By Lemma 3.9, we have V; = Vo — (1 ® 0(&,€1)) o py. Pick a basis py,...,p, of PP, and write f; =
g (pi)/€i(pi) € T(Y,05). Then dlog(f;) is a section of QIY/C(logD). We explicate V; as

Vi=Vo—Y pi@dlog(fi)
i
where p;: E — E is the residue map induced by p;. By functoriality of the canonical extension, since

the maps p;: E — E are horizontal with respect to Vo, they extend uniquely to morphisms p;: E — E.

Therefore V| maps E into E ® Qly/c (logD). O

Lemma 4.3. Let X be an idealized smooth log scheme over C and let E be an object of MIC(X /C). The
following conditions are equivalent.
(a) E is regular,

(b) for every idealized smooth and hollow Y with a strict map f: Y — X, and every splitting € of f*My,
the object € (f*E) of MIC(Y /C) is (classically) regular,

(c) there exists a log dominant (Definition 2.14) morphism f: Y — X with Y idealized smooth and hollow
and a splitting € on Y such that €® (f*E) is (classically) regular.

Proof. Every f: Y — X as in (b) uniquely factors through a map f: ¥ — X* such that the splitting € is
the preimage of the universal splitting &ypiy. Then

e°(f'E) = ¢"(F'1'E) = Jel

univ (

T'E)
which shows that (a) implies (b). Moreover, (b) implies (c).
It remains to show that (c) implies (a). We have a commutative square (see Remark 2.7)
Y# 4‘5,) X#
|
Yy —X
f
where the top map g is a dominant as a map of schemes. Denote by & and &; the splittings on Y* induced
by € and &y, respectively. By Lemma 4.2, we have
& (g°m'E) isregular & g7(g*n"E) is regular.
But & (¢*m*E) ~ & (7} f*E) = my (¥ (f*E)), which is regular since €®(f*E) is. Therefore
& (§'m"E) ~ g (€1, (T'E))

is regular, and hence so is £*. (7*E) by [6, Chap. II, Proposition 4.6(iii)]. O

univ

Corollary 4.4. Let X be an idealized smooth log scheme over C. Then the following hold.
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(a) For every morphism f:Y — X such that Y is idealized smooth, the pull-back functor
f*: MIC(X/C) — MIC(Y/C)
maps MICee (X /C) into MIC,, (Y /C).

(b) If Y — X is a log dominant (Definition 2.14) morphism of idealized smooth log schemes over C
and E is an object of MIC(X /C) such that f*E is regular, then E is regular as well.

Proof. The first assertion follows from characterization (b) in Lemma 4.3, and the second one from
characterization (c). O

Proposition 4.5. Let X be an idealized smooth log scheme over C. Then, the category MIC,, (X /C) is
an abelian subcategory of MIC(X /C) stable under direct sums, tensor products, exterior and symmetric
powers, duals, internal Hom, subobjects, quotients, and extensions.

Proof. We will use the corresponding assertions about MICe, (X # /C), see [6, Chap. II, Proposition 4.6].

TENSOR OPERATIONS. Let E and F be regular. Since the functor sﬁivn* 1s monoidal, i.e.

e (T(E®F)) ~ ¢l (1°E)®e®. (1'F),

univ — “univ univ
the assertion follows from the corresponding assertion about MICc, (X #/C). Since exterior and sym-
metric powers are natural direct summands of tensor powers, we obtain the regularity of AP(E) and
Sym” (E) as well.

QUOTIENTS. Since the functor eﬁiivﬂ* is right exact (being the composition of the right exact 7* and the
exact functor £°

iv)» the assertion follows from the corresponding assertion about MIC e (X #/C).

EXTENSIONS. Let 0 — E' — E — E” — 0 be a short exact sequence in MIC(X /C), with E’ and E”
regular. Applying the functor elfaniv m*, we obtain a right exact sequence in MIC e, (X' #/C)

iy (TE') —— 5. (T°E) - £

o (TE") —— 0.
e®

®
univ( € .

®
Therefore € i (

I, .
iy (T°E) is an extension of the regular
and hence is regular.

m*E") by a quotient of the regular TE"),

SUBOBJECTS. Let E/ — E be a monomorphism in MIC(X /C) where E is regular. We want to show that
E’ is regular as well. The subtlety is that 7: X* — X is not flat, and so 7*(E’) — 7*(E) might not be
injective.

Suppose first that X is hollow. In this case, X* — X” = X is smooth, and the assertion follows from the

. . ® * ! ® * ! . . . .
classical case since €. (T*E’) — €. (7*E’) is injective.

The question is strict étale local, so we may assume X is affine admits a strict étale map X — Apg. In
fact, by Lemma 2.2 we may reduce to the case K = &. For a face F of P, let Ur be the preimage of Ap,
in X and let Xr be the preimage of Are embedded as in (2.1), so that
X' =A) xp, X | |Xp.
F

We need to show that the pull-back of E’ to every X is regular. Fix a face F C P and let Z = X be the
corresponding stratum. Since Xr C Uf, we may replace X with Ur and hence assume Z is closed in X,
cut out by an ideal J C Ox. For n > 0, we let Z() be the closed subscheme cut out by the ideal gt
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As in the proof of Proposition 2.15, by the Artin—Rees lemma there exists a k > 0 and a surjection
im(E' — E|,x) — E'|z.

We may then replace X with Z®) and E with im(E’ — E|,« ). We have thus reduced to the case X with
constant log structure.

We may reduce to the case E’ = JE using the Snake Lemma applied to the diagram

0 IE’ Ef E'JJE —0
0 JE E E/IE 0.

However, JE itself is a quotient of J® E. Since tensor products of regular objects are regular, we are
finally reduced to showing that J is regular as an object of MIC(X /C).

To show that J is regular, we may assume that X admits a strict étale map X — Apg with J generated by
VK = P\ P*. Thus J is the pullback of VK- O,k and it suffices to treat X = Apx and J = VK- OApk-
Since P* is free, we may write P = P x P*. Then J is the pullback of the ideal generated by P\ {0} in
Apx where K is the image of K in P. This reduces us further to the case X = Spec(P — C[P]/(K)), but
then X is a point, and we conclude by Lemma 4.3(c).

INTERNAL HOM. As in the proof above, we reduce to showing that if £ and F' are regular objects of
MIC(X/C) and Z C X is a closed log stratum, then Hom(E, F)|z is regular. If X = Z (i.e. X is hollow),
this is clear because . (7*Hom(E,F)) ~ Hom(e®. (7*E), 2. (w*F)) by flatness of 7. In general, by

univ univ

the Mittag—Leffler property (Lemma 4.6 below with e = 0) there exists a k > 0 such that the natural map
Hom(E,F)|z — Hom(E|zw,F|zw )|z
is injective. Therefore we may replace X with Z(). In this case, the short exact sequences
0 —J*F —JF —JF/JHF —0
induce exact sequences
Hom(E,J/*'F) —— Hom(E,J’F) — Hom(E,J/F /J/*'F)

and by induction on j we reduce to the case JF = 0. In this case, Hom(E,F) = Hom(E/JE,F) =
Hom(E|z,F|z), and we reduced to the case X = Z already handled before. O

The above proof used the following lemma from commutative algebra.

Lemma 4.6. Let A be a Noetherian ring, let I C A be an ideal, and let E and F be finitely generated
A-modules. For n >0, set A, = A/I’“'l, and for an A-module M we set M, = M @4 A,,. Then, for every
e > 0 there exists a k, > e such that for every k > k, the morphism

Hom(E,F), — Hom(Ey, Fy).

(induced by the restriction map w: Hom(E,F) — Hom(Ey, Fy)) is injective.

Proof. Fix a presentation A” — A" — E — 0, so that Hom(E, F') is the cohomology module of

0—F"—F"
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with F" — F" induced by the transpose of A” — A" (see [26, Tag 09BB]), and analogously Hom(Ey, Fy)
is the cohomology module of 0 — F;' — F;". By the Mittag-Leffler property [26, Tag OEGU], there
exists a k, > e such that for k > k, there exists a Y, making the triangle below commute

HOIIl(Ek7 Fk)

e
Vi
Hom(E,F); — Hom(E,F),.

Tensoring the above diagram with A, shows that Hom(E, F), — Hom(Ey, Fy), is a split injection. O

Remark 4.7. Let X be an idealized smooth log scheme over C, let E be an object of MIC(X /C), and let
U C X be an open subset containing the associated points of E. Suppose that E |y is regular. Must E be
regular as well?

The following provides a useful criterion for checking regularity using formal curve germs. For a space
of the form T = Spec(P < C((1))) where P is a sharp fs monoid and £(P\ {0}) = 0, we define
Qr ¢ = C((1)dlog(r) (P @z C((1))).
We define MIC(7 /C) in the obvious way, and “projection onto C(())d log(¢)” defines a functor
€¥: MIC(T /C) — MIC(C((1))/C)

to the category of finite dimensional vector spaces over C((¢)) endowed with an action of t% satisfying
the Leibniz rule. As in [6, Chap. II, Définition 1.11], we say that an object E of MIC(C((¢))/C) is regular
if it admits a C[/t]-lattice stable under the action of # 4. For an idealized smooth log scheme X over C, a
map y: T — X induces a functor y*: MIC(X /C) — MIC(T/C).

For T = Spec(P < C((1))) as above and X an idealized smooth log scheme over C, let us say that a map
y: T — X is algebraic if it factors as T — C — X where C — C is a good embedding of idealized smooth
log schemes of dimension one over C with C = C\ {y}, where ¢ is a local parameter of Og,, (identifying

the fraction field of 65,}7 with C((1))), and where P@&N — Og , sending (p,n) to 0 if p 7 0 and (0,n) to
t" is a local chart at C, and where T — C is induced by these data.

Proposition 4.8. Let X be an idealized smooth log scheme over C. An object E of MIC(X /C) is regular
if and only if for every sharp fs monoid P and every strict morphism

f: Spec(P 5 C((1)) — X,
the object €® (f*E) of MIC(C((¢))/C) is regular. Moreover, it suffices to check this condition on algebraic
maps f.

Proof. Let E € MIC(X /C). By definition, E is regular if and only if the connection £>. (7*E) on X* is
regular. By [6, Chap. II, Théoreme 4.1], this holds if and only if for every morphism

g: SpecC((s)) — X*,
the pull-back g*(e®. (7*E)) is regular, and it suffices to consider such germs which are “algebraic” in
our sense. By the definition of X*, such a map corresponds to a morphism f: Spec C((s)) — X and a
splitting € of f*My. Moreover, we have

8" (Egniy (T°E)) ~ €% (f"E).

Let /: SpecC((t)) — Spec C((s)) be a finite extension such that 1* f*My is constant, so that 1* f*My
admits a global chart. Then €®(f*E) is regular if and only if A*(¢®(f*E)) is. O


https://stacks.math.columbia.edu/tag/09BB
https://stacks.math.columbia.edu/tag/0EGU
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Proposition 4.9. Let X be an idealized smooth log scheme over C and let
f: Spec(P 5 C((1)) — X,

be a strict morphism, where P is a sharp fs monoid. If the underlying map of schemes extends to
Spec C[[t]], then for every E € MIC(X /C) the object €®(f*E) of MIC(C((¢))/C) is regular.

Proof. Let A = SpecC[[t]] and A* = Spec C((¢)), and let j: A* < A be the inclusion. Let f: A — X be

an extension of f. Passing to an étale neighborhood of x = f(0) we may assume that X admits a global
chart Q — My.

Let My« = f*My, with the given chart P — C((¢)), and let M = f*My, with the natural chart Q — C[[¢].
Finally, let M, = j. M-+ be the push-forward log structure. Since Ma+ = j*M,, we have the unit map

MA — M/A>
and hence maps of log schemes
f: (A7M/A) — (AvMA) — X,

where the second map is strict and the first is an isomorphism on A*. Therefore the object f*E of
MIC(A*, M, ) extends to an object f*(E) of MIC(A,M}).

The push-forward log structure M), = j.Ma+ admits a chart €: P®N — C[r] sending (0,n) — " and
everything else to 0. This induces a splitting of the short exact sequence

OHQL*/C(IOgO) —>.Q% —— 0pA®z PP —— 0,

ADM)

and just as before a functor
€%: MIC(A, M) — MIC(A, j,.O%).
Moreover, we have
J'(E(FE)) =& (f'E),
and we conclude that €¥(f*E) extends to a log connection on the formal disc. It is therefore regular. [

Propositions 4.8 and 4.9 together imply:

Corollary 4.10. Let X be an idealized smooth log scheme over C whose underlying scheme X is proper
over C. Then MIC,, (X /C) = MIC(X /C).

Finally, we turn to some basic cohomology comparison results in the case X has locally constant log
structure.

Lemma 4.11. Let X be a hollow idealized smooth log scheme over C and let E be an object of MIC e (X /C).
Then, Hjg (X, E) ~ Hjx (Xan, Ean)-

Proof. We may assume that My is constant and that X admits a splitting €. By Proposition 3.7, we have
a map of spectral sequences
Hi (X, e?EQNQx) =  HY(X,E)

a,.,.i l

HéR ()—(am £®Ean & /\jQX) = Hégj (XanaEan)-
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Since A/Qy is constant, each €*E ® A\/Qy is an object of MIC,(X/C). Therefore by the classical
comparison theorem [6, Chap. II, Théoréme 6.2], the maps ;; are isomorphisms, and hence sois o. [J

Corollary 4.12. For X with constant log structure and E regular, we have Hjp (X, E) ~ Hjg (Xan, Ean ).

Proof. Use the five lemma and the extensions 0 — JE — E — E/JE — 0 where J is the ideal of Xeq in
X and apply Lemma 4.11 inductively. U
Remark 4.13. The strategy of using X* and the functor €2, (7*(—)) to study MIC(X /C) applies simi-
larly to categories of coherent log D-modules on X [15, 14] (see Remark 3.6.5). For example, if ZC X is a
closed subset, then its log dimension logdim(Z) introduced in [15] equals the dimension of 7! (Z) C X*.
Moreover, using Lemma 3.10 one can show that an object M of Modcon(Dyx) is holonomic if and only
if the object €. (7*(M)) of Modcen(Dy+) is holonomic in the classical sense. It seems natural to call a

coherent Dy-module M regular holonomic if gb. (m*(M)) is regular holonomic. That said, we did not

investigate this notion beyond the case of Ox-coherent Dx-modules i.e. objects of MIC(X /C).

4.2. The Existence Theorem

Theorem 4.14 (Existence theorem). Let X be an idealized smooth log scheme over C. Then the compos-

ite functor

MIC,g (X /C) < MIC(X/C) Z25 MIC(X,,/C)

is an equivalence of categories.

Proof. We first show that the functor is fully faithful. For objects E and F of MIC,¢. (X /C) consider the
object H = Hom(E, F). It is again regular by Proposition 4.5, and we have Hom(E, F) = H% (X,H) and
Hom(Eqn, Fan) = Hox (Xan, Han). So we need to show that for a regular object H we have Ho, (X, H) ~
HgR (Xan, Han). To this end, Proposition 2.15 applied to the log stratification of X allows us to reduce to
the case when the log structure on X is locally constant. In this case we apply Corollary 4.12 to conclude.

It remains to show essential surjectivity. By Corollary 4.4(b), the assertion is strict étale local on X.
Therefore by Theorem 2.4 we may assume that there exists a good compactification X < X. Consider
the commutative square of categories and functors

MIC;ee (X /C) — MIC(X,4,/C)

MIC;¢ (X /C) —— MIC(Xan/C)
The top functor is an equivalence by Lemma 4.10 and GAGA. The right functor is essentially surjective
by Proposition 3.17. So the bottom functor is essentially surjective. ]
As a byproduct of the proof, we obtain another familiar-looking characterization of regular connections.
Corollary 4.15 (Regularity = log extendability). Let X be an idealized smooth log scheme over C and
let E be an object of MIC(X /C). The following are equivalent:
(a) E is regular,

(b) for every strict étale f: U — X and every good compactification j: U — U, there exists an object E
of MIC(U /C) such that j*E ~ f*E,
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(c) there exists a strict étale cover { f;: U; — X }icy, good compactifications j;: U; — U,, and objects E;
of MIC(U;/C) such that jE; ~ f*E for everyi € I.

Remark 4.16. Is there a characterization of regular logarithmic connections in terms of growth condi-
tions akin to [6, Chap. II, Théoreme 4.1(iii)]?

4.3. The Comparison Theorem

Theorem 4.17 (Comparison theorem). Let X be an idealized smooth log scheme over C and let E be an
object of MIC,eg (X /C). Then Hyg (X, E) ~ Hjp (Xan, Ean)-

The proof will rely on slight variants of two results of Ogus, adapted to our notion of a good compactifi-
cation.

Theorem 4.18 (Variant of [24, Theorem 3.4.9]). Let j: X — X be a good embedding of idealized smooth
log complex analytic spaces. Let E be an object of MIC(X /C), and suppose that the following two
conditions are satisfied

(1) For every x € X, the set R, of exponents at infinity (§3.3) of E at x satisfies R, NTE C F,.

(2) E — j.j'E is injective.
Then Hjz (X,E) ~ Hjx (X, J*E).
Proof. As in [24], we may reduce to an analogous statement about monoids. Let P be a sharp fs monoid
and let P — P’ be a localization with respect to a face F C P. Let V be an object of L(P) (Example 3.14)
and let V' =V ®cp C[P']. Suppose that (1) V — V" is injective (i.e. V is F-torsion free) and that (2) the

F&P-graded C[F]-submodule V = @ cpw Vj is generated by elements lying in gradings in —F C F&P,
The statement we need (itself a variant of [24, Corollary 1.4.6]) is that the map on group cohomology

H*(m(P), Vo) — H (m1(P), V)

is an isomorphism. As in the proof of [24, Corollary 1.4.6], it suffices to observe that in fact Vy = V(;
(variant of [24, Corollary 1.1.3]). By assumption (1), the map Vy — Vé is injective, so we need to prove
surjectivity. Let f be a generator of F as a face, so that for every x € F there exists an y € F and an
integer n > 0 such that x4+ y = nf. Then V/ = V[1/f] and writing the localization as a colimit we have

Vo = lim V.
0

Let v/ € Vj, and represent it by an element V' € V,,¢ for some n > 0. By assumption (2) there exist

homogeneous generators vy, ...,vs of V with v; € V_y, for some f; € F. Thus, we can write vV =Y givi
with g; € C[Fluf+f. We may write g; = o;f" f; where o; € C, and set v =Y. 0 fivi € Vo. Then v/ = f™v,
and so V' and v have the same image in V. O

Theorem 4.19 (Variant of [24, Theorem 3.4.10]). Let j: X < X be a good embedding of idealized
smooth log schemes over C and let E be an object of MIC(X,,/C). Denote by j.j the functor of
meromorphic sections as in [6, Chap. 11, 3.12]. Then the inclusion

j*j;z(E(X)Q%/c) — J'*J'*(E®Q%/c)

is a quasi-isomorphism.

Proof. Repeat the original proof, replacing the use of [24, Theorem 3.4.9] with Theorem 4.18. O
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Proof of Theorem 4.17. By cohomological descent, the statement is strict étale local on X, so we may
assume that X admits a good compactification j: X — X. By Corollary 4.15 of the Existence Theorem,
E extends to an object E of MIC,e (X /C) = MIC(X /C). Since j is affine and j,, is Stein, arguing as in
[6, Chap. 11, §6.6] we obtain

Hir (X, E) 2H*(Yzm,J.*].;;(E®Q';?/C)) and  Hig (Xan, Ean) =~ H* (Xan, jij* (E®-QX/C))

It remains to invoke Theorem 4.19 to conclude. O

4.4. The Regularity Theorem

We recall the Katz—Oda construction of the Gauss—Manin connection in the relevant context (see e.g.
[10]). Let f: Y — X be a proper smooth morphism of idealized smooth log schemes over C. We have
the short exact sequence

1
Qy /X

00— f Qx/c — Q;/c

from which we obtain a decreasing filtration on QY c= =N Q; /C
K'QY . =im ( S Qe QY Qf /C)

satisfying
+104q q-r
K™ Qy e >~ Q) ©Qy x-

Let E be an object of MIC(Y /C). Then for every r > 0, E @ K, Q3 . is a subcomplex of £ ® Qj, ¢ and

gr’QIq//C *K’Qq/c/

g (E®Qy /) = f"Qy/c @ (ERQY ).
In particular we have a short exact sequence of complexes

E®Qy/c
E®K>)Q3,

00— fQ /C®(E®QY/X) E®Q)  —0.

Y/C
Applying Rf, and the projection formula, we obtain as the connecting homomorphism
Vom: R'f(E®QY x) — R'f(ERQ) x) ®Qy ¢

As in the classical case, one shows that this connection is integrable, which makes R" f, (E ® 3, /x) into
an object of MIC(X /C).

The analogous construction applies to smooth proper morphisms of idealized smooth log complex ana-
lytic spaces, in particular to f,,. This way, we obtain an object R" fyn . (Ean ® QY X ) of MIC(X,,/C).
We have a comparison morphism

(Rnf*(E®Qy/X))an — R fan*(Ean®QYan/Xan) 4.1)
which is an isomorphism because f is proper.
Remark 4.20. The main result of the PhD thesis of Aaron Gray [8] (unpublished) asserts that under

certain assumptions, the formation of higher direct images is compatible with Ogus’ Riemann—Hilbert
correspondence V (Theorem 3.12). More precisely, for a proper and smooth morphism of smooth log
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complex analytic spaces f: Y — X such that the map f*ﬂ;g;p — Mip is injective and its cokernel is
torsion-free, there is a natural isomorphism between the two compositions in the square

Vy

MIC(Y/C) L(Y) 4.2)
R'((-)293 ) i iR”f!‘
MIC(X/C) ———— L(X).

where the functor R"f is constructed as follows. Recall (Definition 3.11) that an object V of L(Y) is a
Ay-graded C;?g—module satisfying certain conditions. Via C;’g — fiogCifg, the sheaf R" ingV isa fiAy-
graded C?g-module. Using the map 1: Ay — ingAy, we define the Ax-graded C?g-module R"fAV by

(R'fAV)), = (R”fi‘)gv)l(;t) for a local section A of Ax. Then R"fAV is an object of L(X).
Recently, Gray’s results have been extended to log D-modules by Koppensteiner [14, Proposition 6.4].

The Regularity Theorem, stated below, asserts the regularity of R"f.(E ® Q3 /X) assuming that E is
regular. It is conditional on the following logarithmic variant of semistable reduction. We hope it is
within reach of the current methods [22, 2, 27].

Conjecture 4.21 (Log semistable reduction over a hollow curve). Let X be a hollow idealized smooth
log scheme over C of dimension < 1 and let Y — X be a smooth, proper, and exact morphism. Then,
possibly after passing to a Kummer étale cover of X, there exists a commutative square

Y——7Y

|

X——=X

where X < X and Y < Y are good compactifications (Definition 2.3) and where Y — X is smooth.

Theorem 4.22 (Regularity theorem). Let f: Y — X be a proper, smooth and exact morphism of idealized
smooth log schemes over C and let E be an object of MIC,es (Y /C). Assume that Conjecture 4.21 holds.
Then R" f.(E ® Q;/X) are objects of MIC,e (X /C) for all n > 0.

Proof. Step 1 — reduction to X with constant log structure. Set V" = R" f,(E ® Q3 /x)' We need to show
that for every log stratum Z C X (a connected component of X”), the restrictions V"|; are regular. Since
Z is locally closed in X, we may replace X with an affine open subset in which ZNX is closed. Let J be

the ideal of the closed immersion Z < X, and let Z¥) = V (J¥+1) be the k-th order thickening of Z and let
VIR = R (fl0) (E p-1 1) © Q5 1x)-

Asin [9, §4.1], the inverse system of coherent Ox-modules V"X satisfies the Mittag—Leffler property, and
if we set Ry = ker(V" — V%), then the submodules {R;} define the J-adic topology on V". In particular,
for k large enough we have JV” DO Ry, and hence a factorization

v V" /RS vk
VIV ——= V"

Thus V"|7 is a subquotient of V"* and by Proposition 4.5 it suffices to show that V"X is regular. We may
therefore replace X with Z(%.
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Step 2 — reduction to X hollow. Let X have locally constant log structure and let Z = X;.q be the largest
hollow subscheme of X, cut out by an ideal J. Suppose that the assertion holds for X = Z. We show by
induction on m > 0 that if E is annihilated by ™", then the higher direct images R" f..(E ® Q3 /X) are
regular for all n > 0. The base case n = 0 corresponds to E supported on Z, which follows from the case
X = Z. For the induction step, use the long exact sequence obtained by applying R" f.((—) ® Q}, /X) to
the short exact sequence in MIC,¢¢ (Y /C)

0 JE E E/JE 0.

Step 3 — ensuring base change. Suppose that X is hollow. Since X is reduced, there is a dense open
U C X on which the sheaves R/f,(E ® Q; /x) are locally free and (hence) with formation commuting
with base change for all i, j > 0. From the spectral sequence

E)=Rf(ERQ) ) = RYLERQ},),

we deduce that the formation of R" f,(E ® QJ, /X) commutes with base change along strict morphisms
X’ — X with X’ idealized smooth over C such that im(X’ — X) C U. Recall that by Corollary 4.4(b) to
prove the assertion we may replace X with a dense open subset. We may therefore assume that the base
change property holds with U = X.

Step 4 — reduction to the case X being a curve. Suppose that X is hollow and that the formation of the
R'f.(E® Q5 /X) commutes with base change as above. By the criterion of Proposition 4.8 it suffices to
show that if y: C — X is a strict map where C smooth curve, then y*(R" f,(E ® Q} /X)) is regular for all
n > 0. By the base change property, we have

V(R'(E®Qy x)) = R"(fc)«(Ex. ® Q5 c)-
Therefore, if the assertion holds for all such C — X, then it holds for X.

Step 5 — semistable reduction. Suppose that X is a hollow curve. By Conjecture 4.21, after passing
to a Kummer étale cover the map ¥ — X extends to a smooth morphism of good compactifications
f:Y = X. By Corollary 4.15, E extends to an object E of MIC¢,(Y /C). Since Y =Y xx X, we have
R'f(E®Q y) ~ (R'f.(E2Q8 /Y) |x. Therefore R"f.(E ® Q3 ;) extends to the compactification X
and is therefore regular (Corollary 4.15 again). U

Remark 4.23. In the situation of the classical Regularity Theorem, it is also true that the formation of
R'f.(E® Q3 /X) commutes with base change [6, Chap. II, Proposition 6.14]. This is not true in general
for proper smooth morphisms of smooth log schemes over C, as the following example shows.

Let X = Apnz and let f: Y — X be the blowup of the origin P. Let D C Y be the exceptional divisor, and set
E = Oy (D). It inherits a logarithmic connection, as its dual Jp, is a subobject of Oy in MIC(Y /C). As f
is étale, we have Q} , = Oy and ROf(E ®Q},/X) = £.0y (D) = Ox. However, we have H(f~!(P),E) =
HO(P',0pi1(—1)) = 0, which violates base change along the strict inclusion P < X

However, assuming that the map f *ﬁip — Mlg/p is injective and its cokernel is torsion-free, we can use
Gray’s results [8] (Remark 4.20) and proper base change for maps of topological spaces to show the
base change property for R"f.(E ® Q) /X) along a strict map g: X’ — X as follows. Since (4.1) is an
isomorphism, it is enough to show the base change property in the analytic context, so changing notation
from now on Y — X is a smooth proper morphism of idealized smooth complex analytic spaces satisfying
the assumption on f *Mip — ﬁlg/p and g: X’ — X is a strict map of idealized smooth log complex analytic
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spaces. We set Y’ =Y xx X'. As g is strict, the four squares marked (] in the diagram below are cartesian
squares of topological spaces.

Jiog
!/ ° !/
Ylog X

log
/
8l D Slog
X Vs

f'/

Moreover, we have Cyl = glogc;og and Ci?,g = 810sCx C™¢ (as X and X’ are hollow). Therefore the functors

g L(Y) — L(Y') and g*: L(X) — L(X’) are just sheaf—theoretic pullback. By proper base change
applied to Ty fiog, for an object V of L(Y) we have

g]og(RfAV) - Rf (glog ) (43)
Therefore for an object E of MIC(Y /C), the base change map factors into a chain of isomorphisms

(4.2) 3.1)

R fAERQ] y) §Vx 'R fAVy (E) ——— V! g, R" 2 Vy (E)

l zlm)

4.2) _ 3.
Rnfsi( Ixg ® QY’/X’) VX’I Rf,iAVy/gl*E — X’l Rf’Ag{ng

5. Connections and local systems
Definition 5.1. An idealized smooth log scheme over C or log complex analytic space X is of nc (normal

crossings) type if the stalks of My are free monoids.

Let X be log complex analytic space of nc type. For an object V of L(X) and x € X, we denote by
R, C ﬁX,x ® C the set of exponents of V at x [24, Definition 2.1.1]. Picking an isomorphism MX,x ~ N,
we may view R, as a subset of C'*, well defined up to coordinate permutation.

Definition 5.2. Let X be a log complex analytic space of nc type and let 7: C/Z — C be a section of the
projection C — C/Z. We say that an object V of L(X) is t-adapted if

(1) for every x € X, the set R, of exponents of V at x is contained in im(7)"*, and

(2) V is locally free as a module over C;’g.

We denote by L*(X) the full subcategory of L(X) consisting of T-adapted objects.

On the space Xjo, we have a surjective map of sheaves of rings
C2 = C[-7*Mx]/(—Kx) — C
sending the nonzero elements of My to zero. This defines a functor
V HK:V®CIOgC
X

from the category L(X) to the category of log-constructible sheaves of C-vector spaces on Xj,s, sending
locally free objects to locally constant sheaves.
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Theorem 5.3. Let X be a log complex analytic space of nc type and let T: C/Z — C be a section of the
projection C — C/Z.

(a) The functor V — 'V induces an equivalence of categories

L*(X) = LocSysc(Xiog)-

(b) If ©(0) = 0, then for every object V of L*(X) the map Vo — V — V induces an isomorphism

H* (X]0g7 VO) = H*(XlogaZ)-

Proof. We describe the inverse functor. Let W be a complex local system on X'°2, We set V =W ®¢ Cg?g.
This is a locally free C;?g—module satisfying conditions (1), (2), and (3) of Definition 3.11. In order to
make it into an object of L?(X), we need to endow it with a Ax-grading satisfying condition (4) of
Definition 3.11 and (2) of Definition 5.2. Let x € X', and pick an isomorphism MXJ()C) ~ N'~, The

stalk W, is a representation of
m1(7 ! (2(x)) x) = Hom(N <, Z(1) = Z(1)".
Let W, = @ W, 4 be the decomposition of W, into generalized eigenspaces, the direct sum taken over
% € Hom(m; (7! (1(x)),x),C*) = Hom(Z(1)"*,C*) = (C/Z)".

Thus V =P, Vy where V) =W, @c C?g. We have Ay , = C'*, and we endow V), with the C'*-grading
where w® 1 has degree 7(y) where 7: (C/Z)"* — C'* is the map induced by 7. It is clear that this
grading is independent of the choice of generators of My r,, that it satisfies the two required conditions,
and that the Ay ,-gradings on V; for all x € X'°¢ give rise to a Ax-grading on V. Trivially, V. = W.
Moreover, the object associated to W =V is V, as V' is freely generated by B cim(r)~ V2 =W (cf. the
proof of Lemma 3.18).

For the second assertion, it is enough to check that the map R7x Vo — R7x .V is a quasi-isomorphism.
By proper base change, it is enough to show that for every x € X we have

H*(t7 ' (x),Vo) =2 H* (7 (x),V).
Pick an isomorphism My , ~ N™ and write V = €, V,, as in the previous paragraph. Then, for a base
pointx’ € 771 (x)
H*(T_] (x)7Zx) = H*(Z(l)rx7vf(x),x’) =0 fory#0
(see the last assertion of [24, Proposition 1.4.3]). Therefore
H (17 (0),V) = H' (17 (), V) = H' (77 (), Vego)) = H* (77 (), Vo). 0

Corollary 5.4. Let X be a log scheme of nc type over C and let ©: C/Z — C be a section of the projection
C — C/Z. Denote by MIC,,(X /C) the full subcategory of MICyes(X /C) consisting of objects which

reg
are locally free (as Ox-modules) and whose exponents [24, Definition 2.1.1] belong to the image of ©.

(a) Then there is an equivalence of categories

E=YV(E) : MIC,(X/C) =% LocSysc(Xiog)-

(b) If ©(0) =0, then for every object E of MICf, (X /C) we have
Hig(X,E) = H" (Xiog, V(E)).
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We warn the reader that neither of the functors described in Theorem 5.3 and Corollary 5.4 is compatible
with tensor product (actually, the subcategories L*(X) and MICf, (X /C) are not closed under tensor
product).
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