16. Lecture 16 (Apr 2): Cohomology of coherent sheaves on projective varieties

Recommended reading: Hartshorne I11.4 and II1.5, Kempf §9.1-9.3

16.1. Cech cohomology

We shall now use the vanishing of cohomology of quasi-coherent sheaves on affines to give an algorithm
for computing cohomology on an arbitrary separated algebraic set.

Let X be a separated algebraic set (or noetherian scheme), F a quasi-coherent Ox-module, and U € X
an affine open subset. Denote by j:U — X the inclusion map, which is an affine morphism: the preimage
7 Y(V) =UnV of every affine open V C X is affine. Consequently, the maps

JHYX, jx(Flu)) — HY(U, Flu)

are isomorphisms, and hence H?(X, j.(F|y)) =0 for g > 0. The restriction maps F(V) - F(UNV)
for varying V € X assemble to give a canonical “restriction” map F — j.(F|y) towards a sheaf with no
higher cohomology. This observation is the basis for the construction of the Cech complex of F.

Construction. Let X = Uy uU---uU, be a finite affine open cover. For a non-empty 7 ¢ {0,...,r} denote by
U = Ny U; the corresponding intersection (which again is affine since X is separated), by j;:U; — X the
inclusion map, and let

Fr=jr(Flu,) = j1Ji F-

Consider the following complex of quasi-coherent sheaves on X:
O—F —@By1 Fi — B2 F1 — .. (16.1.1)
where the map F — @1 F; is the sum of the restriction maps F — F;, and where the differential

dPF— P F

ll=p Wl=p+1

is given by
d(fi)s= Z(_I)S(j)fj\{j}'
jeJ
Here s(j) =#{j eJ: j' < j},s0if J={jo <--- < j,} then s(j,) = m.
Lemma 16.1.1. The complex of sheaves (16.1.1) is exact.

Proof. Not to obscure a simple picture with overwhelming notation, consider first the case r = 1, so
X =UpnU;. Let x e X, it suffices to show exactness on stalks at x. Without loss of generality, we may
assume that x € Up. In this case (Fp), = Fy and a moment’s thought shows that (Fo; ), = (F1)x (as U;
and Uy, are equal in a neighborhood of x, namely on Uy). The stalks of the Cech complex at x thus takes
the form

0—F—F&(Fi)x— (Fi1)r—=0.

This is visibly (split) exact.
For the general case, let again x € X, and assume x € Uy. Then for every I ¢ {0,...,r} the opens U;
and Uy oy, are equal in a neighborhood of x, and hence

(F1)x = (Frugop)x-



If we set Cp = @ycq1,....1,)1]=p+1 (F7)x, then we can decompose the stalk at x of the p-th term of the Cech
complex of F as follows

@ (fl)x:@(fl)x® @ (Fi)x=Cp@Cp1.

l|=p+1 0el 1<{1,..r}
The stalk of the complex (16.1.1) at x takes the following form
0O—F——FoC—CGolC—CaoC —...
which again is split exact. O

Definition 16.1.2. Let X be a separated algebraic set (or noetherian scheme), let X = Uyu---uU, be a
finite affine open cover, and let F be a quasi-coherent Ox-module. The Cech complex of F relative to
the cover {U;}/_, is the complex

C(F AU = | @yt F W) — @y F(U) — ... |

obtained by taking the global sections of the complex (16.1.1).

Corollary 16.1.3. Let X be a separated algebraic set (or noetherian scheme) and let X = Uy u---U U, be
a finite affine open cover. Then for every quasi-coherent Ox-module F on X we have

HY(X,F) =H(C*(F {Ui}))

Proof. Since each U is affine, we have HY(X, ®j1j-p F1) =0 for g >0 and all p >0 (see the paragraph
preceding our construction of the Cech complex). We conclude applying Lemma 16.1.1 and Lecture 15,
Lemma 15.2.2(c). O

Corollary 16.1.4. Let X be a separated scheme which can be covered by r+ 1 affine open subsets. Then
HY(X,F) =0 for q>r and every quasi-coherent sheaf F on X.

Proof. This follows from Corollary 16.1.3 since C*(F,{U;}) is concentrated in degrees [0, r]. O

Example 16.1.5 (Punctured plane). Let X = A%~ {(0,0)} with coordinates xo,x;, covered by U; = D(x;).
Let us compute HY(X,Oy) using the associated Cech complex

[O(Up) @ O(U1) 4

k['xglrxl] eak[x()axlil]

O(Uo1)]

|
[ +1 il].

_—
(fo. /)= fo-fi

The kernel of the bottom map is k[xp,x; | embedded diagonally (and we knew already that O(X) =

k[xo,x1]), and the cokernel is spanned by monomials x;’x|' with both exponents strictly negative, which

we can write as
H'(X,0x) =xg ' x1 'k[xp 'y ]-

The groups H4(X,Ox) are zero for g > 1.
We mention the following result without proof.

Theorem 16.1.6 (Grothendieck vanishing, [Hartshorne II1 2.7]). Let X be a noetherian topological space
of dimension n. Then H1(X,F) =0 for g > n and every abelian sheaf F on X.



16.2. Cohomology of projective space

Our next goal is to compute the groups
Hi(P",0(d))

forall g>0,n>1, and d € Z. As we shall see later (Theorem ??), every coherent sheaf on P" is a
quotient of a finite direct sum of some O(d;)’s, and so our computation will have some fairly general
consequences. We start our calculation with the structure sheaf on A"*! \ {0}, which is only a bit harder
than the one for n = 1 done in Example 16.1.5.

Lemma 16.2.1. For n> 1 we have

k[x0,- .- %] q=0

0 0
HI(A™ < {0},0) = . oo

(x0...%0) " k[xy",...,x,' ] g=n

0 q>n.

Proof. The proof is by induction on n. We have shown this for n =1 in Example 16.1.5. Suppose that
n> 1 and that the result holds for n—1. Let U = U, = D(x,,) and let j:U — X be the inclusion. We have a
short exact sequence

0—0x — j.Oy — Q9 ——0 (16.2.1)

where Q is supported on the closed subset X’ =V (x,,) ~ A"\ {0}. Even though it is not a Oxs-module, it
decomposes as a direct sum of Ox/-modules
Q= @ Oxr-xy'.
m<0
Since X' is noetherian, cohomology commutes with infinite direct sums, so by the induction assumption
we obtain
X ke[x0, s X1 ][] q=0
O<g<n-1
q —HI(x' -
H(X7Q)_H (ng)_ 1

(x0---x0) k[xgt . ] g=n-1

0 g>n-—1.

Since U is affine, HY(X, j.Oy) = H1(U,Oy) = 0. Thus the long cohomology exact sequence associated
to (16.2.1) gives

H'(X,0x) = cok(T(U,0y) - T(X,Q)) = cok(k[xo, ..., xn,x, | = x, 'k[x0,...,x,']),
which is zero, and HY(X,Ox) =~ @0 HY ' (X', 0% ) -x. Thus we conclude by induction. O
Lemma 16.2.2. Let m: A"\ {0} - P" be the projection. Then

.0 = 0O(d).
deZ
Proof. We already know that for an open U ¢ P", we have O(d)(U) = O(z~'(U))y, the space of all
functions on 77! (U) ¢ A" which are homogeneous of degree d. So we need to show that every function
on ' (U) c A™*! can be written (uniquely) as a sum of homogeneous functions. Uniqueness is checked
easily, and then existence can be checked locally. We can therefore reduce to the case U = D(g) for some
homogeneous g, in which case O(U) = k[xo,...,X,][g”']. An element of this ring is a unique sum of
f/g" for homogeneous f of degree e, and such an element gives a homogeneous function of degree
e—md. O



Theorem 16.2.3. Letn>1,deZ, g>0. Then

k[x0, .- Xn]a qg=0
Y 0 O<g<n
H1(P",0(d)) = 11 “17) . 1.1 -1 _
((x0...xn) "k[xp ..o, ])d_(xo...xn) k[xy's...,x, Jasns1 q=n
0 q>n.

Proof. Since the map 7: A"*! \ {0} - P" is affine, by Lemma 16.2.2 we have

HI(A™'\{0},0) = HI(P", 7, 0) = HI(P",®4,0(d)) = P HI(P",0(d)).
deZ
On the other hand, the left-hand side is given in Lemma 16.2.1. Moreover, for g = 0 the degree d part
of the right-hand side corresponds to k[xo, .. .,x, ], on the left (this is again Lemma 16.2.2). For g=n, a
closer inspection of the Cech complex computation of H"(A"*!' <\ {0}, ) (which we omit) shows that the
degree d part of the right-hand side corresponds to the degree d part of (xo...x,) 'k[xy',...,x;']. O

Corollary 16.2.4. The spaces H1(P",0(d)) are finite-dimensional. Their dimensions are given as

d
(") g=0,d>0
0 g=0,d<0
HY(P",0(d)) =10 O<g<n
(_i_l) qg=n,d<0
0 q>n.

The following result is one of the most important tools. We omit the proof (it is not so difficult given
what we know).

Theorem 16.2.5 (Serre, [Hartshorne II 5.17 and 5.18]). Let F be a coherent sheaf on P". Then there
exists an integer d, an N > 0, and a surjection

o(-a)¥ — F.

Remark 16.2.6. The following equivalent form of Theorem 16.2.5 is often given. Let us call 7 globally
generated if the natural map
F(Pn,f) ®Opn — F

is surjective. (Note for example that if F is an invertible sheaf this simply means: for every x € P" there
exists a global section of F which does not vanish at x.) Then Theorem 16.2.5 is equivalent to the
statement that for d > 0, the coherent sheaf F(d) = F ® O(d) is globally generated.

Corollary 16.2.7. Let X be a projective algebraic set and let F be a coherent sheaf on P". Then
the cohomology groups H1(X ,F) are finite-dimensional for all ¢ > 0. In particular, T(X,F) is finite-
dimensional.

Proof. Leti:X — P" be a closed immersion into some projective space. Since i is finite, the sheaf i, F is
coherent and HY(X,F) ~ H4(P",i,F). Thus we may assume that X = P".

We prove the result by descending induction on ¢. For ¢ > n we have HY(P",F) = 0 since P" can be
covered by n+ 1 affines. For the induction step, let g > 0 and suppose the result has been proved for all



q' > q. By Theorem 16.2.5 we have a surjection O(-d)" — F, and letting R be its kernel, a short exact
sequence

0—>R—0O(-d)N —=F ——=0.
The relevant portion of the long cohomology exact sequence is
HI(P", O(~d)) — HI(P", F) —> HT* (P, R)

where the group on the left is finite-dimensional by Corollary 16.2.4 and the one on the right is finite-
dimensional by induction assumption. Thus H4(X,F) is finite-dimensional. O
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