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NON-ARCHIMEDEAN or rigid-analytic geometry is an analog of complex analytic geom-
etry over non-Archimedean fields, such as the field of p-adic numbers Q,, or the field of
formal Laurent series k((¢)). It was introduced and formalized by Tate in the 1960s, whose
goal was to understand elliptic curves over a p-adic field by means of a uniformization simi-
lar to the familiar description of an elliptic curve over C as quotient of the complex plane by
a lattice. It has since gained status of a foundational tool in algebraic and arithmetic geom-
etry, and several other approaches have been found by Raynaud, Berkovich, and Huber. In
recent years, it has become even more prominent with the work of Scholze and Kedlaya in
p-adic Hodge theory, as well as the non-Archimedean approach to mirror symmetry pro-
posed by Kontsevich. That said, we still do not know much about rigid-analytic varieties,
and many foundational questions remain unanswered.

The goal of this lecture course is to introduce the basic notions of rigid-analytic geometry.
We will assume familiarity with schemes.

Problem sets and other materials related to the course are available at
http: / /achinger.impan.pl /lecture20f-html

Our basic reference is the book Lectures on Formal and Rigid Geometry by Siegried Bosch.
More references are found in the text.

This document uses the tufie-book ETEX document class based on the design of Edward
Tufte’s books; some typesetting tricks were shamelessly stolen from Eric Peterson’s lecture
notes.

These notes owe a lot to the generous help of Alex Youcis. I thank Pawet Poczobut and
Piotr Rudnicki for valuable comments and corrections.


http://achinger.impan.pl/lecture20f.html
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1

Two interpretations of non-Archimedean geometry

THE p-ADIC NUMBERS Q, are usually defined either as the completion of the rational
numbers Q with respect to the p-adic absolute value

i — pordpbfordpa’ (11)
b P

or as the fraction field of the p-adic integers Z, defined as the inverse limit

Z,=limZ/p"Z. (1.2)

We can refer to (1.1) as the “metric” or “analytic” point of view, while (1.2) represents a
more “algebraic” (or “formal”) perspective. !

Both interpretations have their advantages and drawbacks. The metric approach is ad-
mittedly closer to one’s intuition, and allows one to employ right away the powerful tools
of topology and analysis. However, the topology of the p-adic numbers is quite patholog-
ical: Q, is a totally disconnected topological space. This makes it difficult to proceed by
analogy with real or complex analysis.

The algebraic approach allows us to reduce questions about Q,, to pure algebra over the
rather simple rings Z/p”Z. One therefore has commutative algebra and algebraic geom-
etry at their disposal, which, in turn, allows one to more easily make sound and precise
arguments. The downside: the relationship between objects over Q,, and over Z/p"Z can

often be extremely convoluted.

TO ACHIEVE p-ADIC ENLIGHTENMENT, one needs a good grasp of both?, as well as a
means of switching between the two with ease. The goal of these lectures is to explain how
to do p-adic geometry (or, more generally, non-Archimedean geometry®) by combining
the analytic and the algebraic approaches. Roughly speaking, the first will be represented
by Tate’s notion of rigid analytic varieties, and the second by Raynaud’s approach using
formal schemes.

WE WILL NOW GO BEYOND p-adic numbers and fix the notation which we will use
most of the time. By a non-Archimedean field we mean a field K equipped with a non-
Archimedean norm, which by definition is a function

|-|: K = [0,00)
such that

1. |x| =0if and only if x =0,

'We choose to ignore here the
(rather useless) definition of p-adic
numbers in terms of base-p digit
expansions.

21t seems as though we must use
sometimes the one theory and some-
times the other, while at times we
may use either. We are faced with a
new kind of difficulty. We have two
contradictory pictures of reality; sep-
arately neither of them fully explains
the phenomena of light, but together
they do.

A. Einstein, L. Infeld The Evolu-
tion of Physics

*More precisely, rigid (or rigid-
analytic) geometry, whose strange
name we will justify later on.
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2. |xy[=Ixl-Iyl,
3. x4 y| < max(|x], [y]).

We also assume that |x| # 1 for some x # 0 (i.e. that || is nontrivial), and that K is complete
with respect to (the metric defined by) the norm. *
The third axiom, stronger than the triangle inequality |x + y| < |x| + |y|, is what makes

the field non-Archimedean. It implies that the subset
0 = {x €K such that |x| < 1}

is a subring of K, called the valuation ring. It is local with maximal ideal
m = {x € K such that |x| < 1}.

We denote the residue field 0 /m by k.

Let t € m be a nonzero element.> Completeness of K is equivalent to the fact that the

natural map

0—1lm0/i"0
n

is an isomorphism. The field K can be recovered as the fraction field of @, in fact it is the
localization K = 0 [%] The inverse limit above carries the inverse limit topology (with
the 0/t” O being equipped with the discrete topology), and the isomorphism is an isomor-
phism of topological rings if @ has the metric topology induced by the norm |-|. The
topology on K is the unique one with respect to which 0 is an open subring. This implies
that K is encoded as a topological field by the inverse system above.

The basic examples are complete discrete valuation fields (cdvf), which can be character-
ized as those K as above for which the maximal ideal m is principal, so that € is a complete
discrete valuation ring (cdvr) with maximal ideal m, residue field £ = 0 /m, and fraction
field K. Naturally, our main example is

ﬁ:ZP, K:Qp, m=(p), k:FP,

and another one is the Laurent series field (over a base field k)°

0 =k[eTs=lm k[ )/(2"), K=k(1)=0]; .

” t

The characteristic of & is called the residue characteristic of K. If it is equal to the charac-
teristic to K, we say that K is of equal characteristic, otherwise it is of mixed characteristic. In
the latter case, K has characteristic zero. Thus Q ) and its normed extensions are of mixed
characteristic, and the fields &((¢)) have equal characteristic. In fact, every cdvf of equal
characteristic is of the form &((¢)).

In general, we will have to work with non-Archimedean fields K which are not cdvf’s, in
which case the valuation ring @ is non-Noetherian. Indeed, it is often useful to consider K
algebraically closed, while a complete discrete valuation field is never algebraically closed.”

1.1 First example: the unit disc
The study of schemes begins with the case of the affine line over a base field &
A, =Speck[x],

from which one obtains A} by direct product, then affine schemes of finite type over &
by taking closed subschemes X C A7, and finally schemes locally of finite type over & by

‘In  some sources,  non-
Archimedean fields are not
assumed to be complete and/or
nontrivially valued.

>We call such a t a psendouni-
formizer.

¢ Intuition: A((¢)) is the field of
functions on the “infinitesimal
punctured disc”

Speck((¢)) =Speck[[:]\ {r =0}.

7 Consider a generator of m, i.e. an
element of valuation one. Does it
have a square root in K?
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gluing. If & is algebraically closed, then by Hilbert’s Nullstellensatz, closed points of A} are
in bijection with k.

In non-Archimedean geometry over an algebraically closed® non-Archimedean field X,
similar role is played by the closed unit disc

D}{:{xEK x| < 1}

Proceeding by analogy with scheme theory, we start with the algebra of functions on Dy,
which should consist of power series f =3, -oa,x” which converge for [x| < 1. An easy
check shows that a series in K converges if and only if its terms tend to zero. We conclude
that we want the ring of “holomorphic functions” on D}, to be

K(X)= {ZanX” eK[[X]] witha, > 0asn — oo}
n>0
Next, we would like to equip D} with a sheaf of functions whose global sections is the
above algebra K(X). The naive idea is to define, for an open subset U C Dy, the ring
O™ () as the set of functions U — K which can be represented locally as a power
series.

Indeed, this is trivially a sheaf, and we do obtain an injection
K(X)— 0" (Dy).

However, this map is very far from being surjective. Indeed, D} is highly disconnected, for
example

Dy = {|lx| = 1} U{lx| < 1} (1.3)

expresses D} as a union of two disjoint open (!) subsets. The function f € 0(Dy,) equal to
1 on the first open and 0 on the second is not in the image of K(X). (This example justifies
the adjective wobbly.) Clearly, something goes terribly wrong with analytic continuation in
the nonarchimedean setting!

1.2 Tate’s admissible topology on the unit disc

The first attempt at fixing this issue is due to Krasner, and is based on a non-Archimedean
analog of Runge’s theorem in complex analysis. A Krasner analytic function on D}, is a
uniform limit of rational functions with no poles inside D}.. This leads to a presheaf @ for
which 0(Dj) = K(X), and which has the property that @(U) is a domain if U “should be”
connected. Still, it is not a sheaf.

Let us explain, in a simple case, Tate’s idea of fixing the issue. Consider the following
covering of D}:

Dy = {lx| < p}U{p <|x| <1} (14)
U |4

with 0 < p < 1, p = |t for some ¢t € K. The algebra of (Krasner analytic) functions 0(U)
on the smaller disc U = {|x| < p} consists of power series converging on this disc, i..

X .
K<?> - {f => a,X" €K[X]: lim |a,|o" = o} )

n>0 n—00
Similarly, for the annulus V = {o < |x| < 1}, O(V) consists of convergent Laurent series

t
K<X:_>: = X" 1 =0, li n—0 ,
e {f > 4, X" lim Ja,|=0, lim |a,|o }

neZ

$We make this assumption only
for simplicity and only in this in-
troduction.
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and functions @(U N'V') on the intersection UNV = {|x| = p} are

X t a1 0
K<7,)—(>—{f—ZﬂnX i —o}-

neZ

It turns out that we are lucky: the sequence

O—>K(X)—>K<)7(>><K<X,§>—>K<)?(,§(> (1.5)

is exact.” Thus @ satisfies the sheaf condition with respect to the covering UU V.

TATE’S SOLUTION is now to identify a class of admissible coverings U = | J U; of opens
U C Dj.. For U = D, these are the coverings admitting a finite refinement by subsets of
the form

{lx—al<le], [x —a;| > [5]}-

The covering (1.3) is not admissible in this sense, while (1.4) is. Tate’s acyclicity theorem says
that the presheaf O satisfies the sheaf condition for all admissible coverings. Exactness of
(1.5) is a basic special case.

In particular, this implies that Dy, is guasi-compact with respect to the admissible topol-
ogy: every admissible cover admits a finite subcover. Moreover, it becomes connected in the
sense that there is no admissible cover

v=Uuuv,

el jel

with both summands nonempty, such that U; N'V; =@ for (i, /) € I x , as reflected by the
fact that 0(D}) = K(X) is a domain.

Formalizing the above requires the notion of a G-topology on a topological space X,
which is the data of a class of admissible open subsets!® and of admissible coverings of admis-
sible open subsets satisfying some axioms. One has a natural notion of a sheaf with respect
to a G-topology, which is a presheaf on the category of admissible opens which satisfies the
sheaf condition with respect to admissible coverings. Thus 0 is a sheaf with respect to the
admissible topology on D

In Tate’s formalism, which we shall work out in the first part of the course, the basic ge-
ometric objects are rigid-analytic varieties. One uses as building blocks the affinoid algebras,
which are quotients of the Taze algebras

K(Xl,...,Xr>:{ > anr_'anl"l...X,"’:anl_._nr—>Oasn1+...+ny—>0}.

75eeey2, >0

To an affinoid algebra A = K(X],...,X,)/I one associates the affinoid SpA. Its underlying
topological space is the corresponding closed subset of

Dy ={(xy,...,x,)€K" : |x;|<1fori=1,...,7}

cut out by the ideal 7. One equips it with a G-topology (the admissible topology), and a
sheaf of rings @, similarly to the case of D,. A rigid-analytic variety is a topological space
with a G-topology and a sheaf of rings with respect to that topology, which is locally (as a
G-topologized space!) isomorphic to SpA for some affinoid algebra A.

? Check this!

°For D}, we declare all open sub-
sets admissible.  The condition
will however not be empty for D}
with n > 1.
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1.3 Raynaud’s approach

The main drawbacks of Tate’s theory are
o the admissible topology is counterintuitive and complicated to work with,

e and the underlying spaces do not have enough points (e.g. there exist nonzero abelian
sheaves for the admissible topology whose stalk at every point is zero),

e one is bound to work over a fixed field; for a non-algebraic extension of nonarchimedean
fields K'/K (e.g. C,/Q,) there is no map Dy, — Dy,

e (why should there have to be a base field at all?)

e it is quite far from algebraic geometry (e.g. the opens are not defined by non-vanishing
loci, but also be inequalities—not algebraic opens, but semi-algebraic opens).

There are several frameworks which address these issues in different ways, notably Hu-
ber’s theory of adic spaces, Berkovich’s theory of analytic spaces (usually called Berkovich
spaces), and Raynaud’s approach via formal schemes, worked out by Bosch and Liitkebohmert
and recently developed further by Fujiwara-Kato and Abbes. In the second half of this
course, we will become acquainted with all of these, mostly focusing on Raynaud’s theory,
as it 1s the closest to algebraic geometry.

THE STARTING POINT of Raynaud’s theory is the following isomorphism (where t € K
is a pseudouniformizer)

. ATt
K{X) = <glmﬂ o1X1/(e )> 5] (16)

The isomorphism (1.6) expresses K(X) in terms of (0) the polynomial algebra O[X]
through the algebraic operations of (1) ¢-adic completion, and (2) localization with respect
to ¢. So, for example, if O is a discrete valuation ring, we immediately see that K(X) is
Noetherian, because (0) the polynomial algebra &[X ] is Noetherian, (1) the completion
of a Noetherian ring with respect to an ideal is Noetherian, and (2) the localization of a
Noetherian ring is Noetherian. (Unfortunately, our @ will not always be Noetherian, so
one needs to work harder.)

TO HAVE A GEOMETRIC PICTURE, we replace O[X ] with its spectrum X = A]. The
projective system 0 /t" O[ X ] corresponds to a system of closed immersions

&g&q&gm,&:%ww

Each of these immersions is defined a nilpotent ideal, and hence is a homeomorphism on
the underlying spaces.

The above inductive system does not have a limit in the category of schemes. Instead,
one can take its limit in the larger category of locally ringed spaces:

= (1], 0,) =lim X,.
Since |X,| = |X,, 1| are homeomorphisms, we can identify |X| with |X,|. Treating Oy asa

sheaf on |X,| = |X|, we have

—1i — i n+1
Oy =lim Oy =lim Oy /(¢"™).

n n

We will prove this later, but you
are welcome to try and check it
yourself.
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The locally ringed space X is an example of a formal scheme, the formal completion of X = A},
with respect to the ideal ¢ Oy . In fact, in this context we could define formal schemes over
0O as systems of closed immersions Xy < X| < --- between O-schemes, with X, defined
by the ideal £+ Ox, .-

The final step, inverting ¢, is the hardest: in Raynaud’s approach, one wants to define
a rigid-analytic variety over O as the “generic fiber” of a formal scheme over 0. This is
done purely formally by localizing the category of formal schemes over 0 with respect to
admissible blow-ups, i.e. blowups along an ideal containing a power of ¢. In the words of
Fujiwara and Kato, rigid geomerry is the birational geometry of formal schemes.

1.4 Why study rigid geometry?

The goal of the course is not only to introduce the basic definitions and facts surrounding
rigid-analytic varieties—we will see some important applications of the theory as well. I'will
now try to give a short preview without spoilers.

Disclaimer: There are many possible answers to the question above. The following is
heavily influenced by my own perspective and expertise as an algebraic geometer interested
in the topology of algebraic varieties.

The broad answer is:

Rigid geometry allows us to use methods of topology and analysis in an otherwise purely algebraic context.

For an explicit example, consider a complex algebraic curve, say a smooth plane curve X
in P2 of degree d. As one learns in the basic algebraic geometry course, this curve has genus

(d—1)d —2)

82

Over the complex numbers, the underlying manifold (the complex analytification) of X is an
oriented surface with g many handles. Can we make sense of the last sentence algebraically?
The question sounds crazy at first: to begin with, the underlying topological space of X
(with the Zariski topology) does not see the genus at all, so how can we try to decompose
it into handles?

Rigid geometry allows us to break varieties into pieces and perform surgery.

The answer is to degenerate the curve until it breaks and becomes easier to manage.!!
Thus, let £,,...,¢, be generically chosen linear forms on P?. If { f = 0} is the homogeneous
equation of our curve X, we consider the equation with an additional parameter ¢

X ={tf+(A—et),-...-4;, =0} C Pi[[].

Thus X, = X, while X is the union of d lines in P? in general position.

The curve X,, while much easier to understand than X, is singular. Its topology differs
from that of X. The idea, made possible by rigid geometry, is to study the smooth fibers
X, which “infinitesimally close” to X;,. To make this precise, we first base change the above
family to the field K = k((¢)), obtaining a smooth algebraic curve X over K. Next, we turn
it into a rigid-analytic variety & = (Xx),,, its 7igid analytification. It is cut out by the same
equation in a rigid-analytic version of P%.

It turns out that & is “close enough” to X that there exists a natural morphism of topo-

logical spaces (the specialization map)

sp: 12 = X,

' Can we study algebraic curves
by putting them inside the Large
Hadron Collider?
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The preimage U, = sp~!(L;) of the line L, = {¢, = 0} C |X,| happens to be an open rigid
subvariety of Z which closely resembles a sphere with d —1 discs removed (the discs are the
preimages of the points L; N L; for j # i under sp). This gives a combinatorial decomposi-
tion of & which one can use in place of the triangulation or handlebody decomposition on
the complex analytification. For cubic curves (elliptic curves) one has the following picture:

’ (1)
Q (> sp X,
_ N

HERE ARE SOME EXAMPLES of serious applications of rigid geometry roughly along the

above lines:

e Uniformization of curves and abelian varieties. (In fact, constructing a p-adic analytic
analog of the expression of a complex elliptic curve as C modulo a lattice was Tate’s orig-
inal motivation for defining rigid-analytic varieties. We will see Tate’s uniformization
later in the course.)

e The approach to SYZ mirror symmetry proposed by Kontsevich.

e Raynaud’s solution to Abhyankar’s conjecture (constructing finite étale covers of A,
P

with given Galois group).

e Study of moduli of curves (often done using tropical methods, which is philosophically

similar).
e Semistable reduction.

Other extremely important applications belong to p-adic Hodge theory.

Figure 1.1: Intuitive picture of the
specialization map (d =3,s0 g =

1.






2
Non-archimedean fields

In this chapter, we learn some fundamentals about the kind of base fields we will work with
— fields complete with respect to a nontrivial non-archimedean norm. We start with basic
facts about general valuation rings; the extra generality is not needed for Tate’s theory, but
will prove useful later on.

In the appendix to this chapter, we review henselian local rings and Hensel’s lemma.

2.1 Valuation rings and valuations

Definition 2.1.1. A subring 0 of a field K is a valuation (sub)ring of K if for every x € K*,
eitherx € 0 orx1 € 0.

The above condition implies that K = Frac 0. This motivates the terminology: we will
call a ring O a valuation ring if 0 is a domain and if it is a valuation ring of K = Frac 0.

Lemma 2.1.2. Every valuation ring is a local ring.

Proof. Tt suffices to check that the set of non-units is closed under addition. If x,y € 0 are
nonzero non-units, then either xy~' € @, in which case x +y = y(xy~! + 1) is a non-unit
because y is a non-unit, or yx~! € 0, and we swap x and y. O

Lemma 2.1.3. The relation
x<y if yxleo 2.1)

induces a linear order on T = K* | 0%, making T into a linearly ordered group. !

Proof. First, if x’ = ux and y’ = vx with #,v € R*, then x <y <= x’ </, so that
< induces a relation on K*/0*. The fact that either x <y or y < x is the definition of a
valuation ring. The rest is straightforward. O

The quotient homomorphism
KX _)KX/ﬁX

is a “valuation” on the field K, as we shall now define. First, we introduce the following
convention: for an ordered abelian group I' (written additively), we shall write I'U{oo} for
the ordered commutative monoid obtained by adding an element co and declaring

y<oo and y+oo=oco+o0o=00 (yel).
Definition 2.1.4. A wvaluation on a field K is a group homomorphism

viK* —>T

' An ordered abelian group is an
abelian group I' with an order re-
lation < such that 4 < b implies
a+c < b+c. Itislinearly or to-
tally ordered if < is a linear order.
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into a linearly ordered group I (written additively, so that v(xy) = v(x)+v(y)), which, when
extended to a map of monoids v: K — T'U{oo} by v(0) = oo, satisfies

¥(x +y) = min{¥(x),»(y)}.

The value group of a valuation v: K* — T is the image v(K*). Thus v trivially induces
a surjective valuation v': K* — y(K*), and it is useful to identify v and v'. More generally,
we will call two valuations v;: K* — T, (i = 1,2) equivalent if there exists a third valuation
v: K* — T and monotone homomorphisms ¢, : T —T; (i =1,2) such that v, = ¢; o v:

A valuation is trivial if it has trivial value group, i.e. v(x) =0 for all x € K*.
Proposition 2.1.5. Let K be a field.

(@) If O C K is a valuation ring and T = K* | O™ is equipped with the linear order (2.1), then
the projection map v: K* — T is a valuation on K.

(b) Conwversely, if v: K* — T is a valuation, then
0 ={xeK|v(x)>0}
is a valuation ring of K, and its maximal ideal is m = {x € K |v(x) > 0}.
(¢) Constructions in (a) and (b) produce mutually inverse bijections

{valuation rings of K} ~ {valuations on K} [equivalence.

Proof. (a) We check the property v(x + y) > min{v(x),v(y)}, which resembles the proof
that a valuation ring is local. Let x,y € K*, and suppose xy~! € 0, then

Wx+9)=v(y(xy T + D) =v)+ vy +1) 2u(y),
-
>0 since xy~1+1€0
and similarly if yx~' € 0.

(b) Clearly for x € K either x € 0 or x™! € 0 and 0 is closed under multiplication. The
fact that it is also closed under addition follows from v(x + y) > min{v(x),»(y)}.

(c) Clearly, equivalent valuations define the same valuation ring. The only non-obvious
assertion is that if v,: K* — I, = K* /0 is the valuation associated via (b) to the valuation
ring O associated to a valuation v;: K* — I via (a), then v, and v, are equivalent. We let
I'=I,=K*/0%, ¢, the identity, and ¢,: T = K*/0* — I the map induced by v,. O

2.2 Valuations and norms

If the value group is a subgroup of R, one can turn a valuation into a “norm.”

Definition 2.2.1. A valuation of height oné? is a valuation v: K* — R.

L

_—

KX Z——= K% /0%

\\

KX/@’X

2 This terminology is slightly non-
standard: what is usually meant
by a valuation of height one is a
nontrivial valuation whose value
group embeds in R.

More generally, the height (or
rank) of a valuation is the order
type of the set of all convex sub-
oroups of the value eroup. (lin-
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Note that two valuations of height one v,: K* — R (i = 1,2) are equivalent if and only
if v,(x) = cv;(x) for some positive real ¢.>

Definition 2.2.2. A nonarchimedean norm on a field K is a map

|-[: K —[0,00)
such that
L xyl=1x|- [y,
ii. |x|=0if and only if x =0,
’ Exercise 3 on Problem Set 1.
iii. |x 4+ y| < max{|x|,|y|}-
Proposition 2.2.3. Let K be a field.
(@) Ifv: K — R is valuation of height one, then* * The base e of the exponential is of
course an arbitrary choice. Some-
|x| — ex (_v(x)) times there exists a more natural
=exp one. For example, if K is p-adic,
i.e.|p| < 1{oraprime p, then one
(where exp(—oo) = 0) defines a nonarchimedean norm on K. usually considers the norm
x| = p®.

(b) Conwversely, if | - | is a norm on K, then
J(x) = —loglx]

(where logQ = —o0) defines a valuation of height one. The corresponding valuation ring is
the “closed ball” 0 = {x ||x| < 1}.

(c) The constructions in (a) and (b) produce mutually inverse bijections

{height one valuations on K} ~ {nonarchimedean norms on K}.

Proof. Clear. O
Proposition 2.2.4. Let |-| be a nonarchimedean norm on a field K. Then

d(x,y)=|x—y|

defines a metric on K, making K into a topological field. This metric and the induced topology
have the following properties:

(a) Every triangle is isosceles, every point of an open ball is its center, and every two (open or
closed) balls are either disjoint or one contains the other,

(b) The open ball {|x —a| < p}, the closed ball {|x —a| < p}, and the sphere {|x —a| = p} are
both open and closed for p > 0. In particular, the valuation ring 0 = {|x| < 1} CK isan
open subring.

(c) The topological space K 1s totally disconnected,

(d) Suppose that K is complete (every Cauchy sequence converges). A series > oo qa, witha, € K
converges if and only if lima, = 0.
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Proof. Continuity of addition, multiplication, and inverse is clear and left to the reader.
() The key observation is that if |x| > |y|, then |x —y| = max{|x|,|y|} = |x|. Indeed, we
have

x[ =1y + (e =)l < max{[y],[x —y|} < max{|y], ||, |y]} = |x|,

so the inequalities are equalities, implying |x —y| = |x|. Similarly, if |y| > |x| then |x —y| =
|y|, thus in general two of the numbers |x|,|y],|x — y| have to be equal.

If a triangle has vertices a, b, ¢, apply the above to x = ¢ —a, y = ¢ — b to see that it is
isosceles, with two longest sides being equal.

Now consider an open ball B(a,0) = {|x —a| < p} and let b € B, i.e. |b—a| < p. I
¢ € K, then consider the triangle with vertices @, b,c. The above observation shows that
|c —a| > pif and only if |c — b| > p, showing B(a, p) = B(b, p).

If two open balls B and B’ intersect at a point b, then taking 4 as the center of both balls
shows that one is contained in the other.

(b) The open ball is of course open, and the closed ball is the union of the open ball and
the sphere. It suffices to treat the sphere § = {|x| = p} (centered at zero for simplicity). Let
a € §; we claim that the open ball {|x—a| < p} is contained in §. Indeed, if |x —a| < p then
|x| = |a + (x —a)| and since |x —a| < p =|a|, we have |x| = || = p, so x € S.

(c) Let S C K be a subset and let @, 4 € S be two distinct points, p = [¢ — &| > 0. Then

S§=n{lx—al<p/2hU(SN{lx—a|>p/2})

expresses S as a sum of two disjoint and non-empty open subsets. Thus § cannot be con-
nected if it has more than one point.

(d) Clearly if >"a, converges then lima, = 0. Conversely, suppose lima,, = 0; we check
that b, =a, +---+a, forms a Cauchy sequence. Let ¢ > 0, and let N be such that |2,| < ¢
forn>N. Thenform >n>N

b, —b,|=|a, ++a,|<max{la,,|,...,|a,|} <e. O

2.3 Geometric examples of valuations

Long long time ago, before schemes were invented by Grothendieck, varieties were studied
(or even defined) using valuations on their function fields. E.g. Zariski’s proof of resolution
of singularities on surfaces heavily relied on the classification of valuations on their function
fields. We will see some of these below.

Example 2.3.1. Let R be a Dedekind domain with field of fractions K, and let m C R be a
maximal ideal. Standard examples:

e R=T(X,0y) for X asmooth affine algebraic curve, with m corresponding to a closed
point x € X,

e R = O the ring of integers in a number field K, e.g. R=Z[1].

The local ring 0 = R, is a discrete valuation subring of K. The corresponding valuation
on K is v(x) = max{k : x € m*}. Every valuation on K which is trivial on & is equivalent
to exactly one of these. >

The remaining examples deal valuations on function fields of surfaces over a base field &,
where the situation is much more complicated, essentially due to the existence of non-trivial
blowups. ¢ We only consider valuations whose restriction to k is trivial.

This section is a bit of a digression,
but will become important later in
the course.

> Sound familiar? [10, Chapter 16]

¢ See [ 10, Exercise I 4.12].
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Example 2.3.2 (Divisorial valuation). Let X be a normal surface with field of rational func-
tions K and let D C § be a prime divisor. Then [10, I 6] D defines a function “order of
zero along D”

vy K=Fk(S) > ZU{oco}

which is a valuation. The corresponding valuation ring is Oy - where £ is the generic point

of D. Its residue field is £(D), the function field of D.

Example 2.3.3 (Valuation of height two). In the situation of Example 2.3.2, let p € D be
a closed point at which D is regular. Then x defines a valuation v, on k(D) as in Exam-
ple 2.3.1. We can combine the valuations v;, on K = () and v, on k(D) into a height two
valuation

VD, K —Z} U{oco},

lex
where Z is Z* with the lexicographic order ((x,y) > (x',y") if x > x" or x = x"and y > 5").
To define vj, ,, we pick a uniformizer (generator of the maximal ideal) 7= € Oy - = 0,
without zero or pole at p and set

v, ()= 0p(Nv(e) g=(x "V f ),

where the restriction makes sense because vy, () = 1, s0 72U f € o,

The valuation ring 0, consists of rational functions with no pole along D and whose
restriction to D has no pole at p. It has three prime ideals, is of Krull dimension two, and is
non-Noetherian. Its residue field is k. See Figure 2.1 for the monoid of monomials in @D’P

for S = A2

Example 2.3.4 (Valuations from formal curve germs). Let again S be a normal surface with
function field K, and let
y: Speck[[t]]— S

be a morphism of schemes (a “formal curve germ”). We say that y is nonalgebraic if its image
is not contained in a proper closed subscheme of S, equivalently if y maps the generic point
Speck((¢)) of Spec k[[ ] to the generic point 7 = SpecK of S.” The composition of y* with
the standard valuation on k((¢)) gives a height one valuation

v,: K — k(1) > ZU{oo}
with residue field 4.

Figure 2.1: In Example 2.3.3, con-
sider S = A? with coordinates x,
vy, the divisor D = {x =0} C §,
and the point p = {y = 0} C
D. The figure shows the monoid
consisting of all (m,n) € Z? for
which v(x”y”) > 0. Can you
see why this monoid is not finitely
generated? This is related to the
fact that the valuation ring is non-
Noetherian.

7 'There is plenty of nonalgebraic
curve germs on an algebraic sur-
face. For example, consider § =
SpecC[x,y] the affine plane and y
defined by

yrx)=t, y (y)—expt—zi

n>O
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Example 2.3.5 (Height one valuation with dense value group). Suppose that K = k(x,y).
Let A be an irrational real number. Define the weight function on monomials in x and y by

weight,(x”y")=m+An € R

Define the valuation v;: K — RU {oo} by first defining it on polynomials:
V/1< Z amnxmy”> = min{weight,(x"y") : a,,, # 0}
m,n>0

and extending to k(x,y) by v)(f/g) =v,(f)—v,(g)- This gives a valuation on K which has
height one but whose value group Z@® AZ ~ Z? is dense in R. See Figure 2.2 for the monoid
of monomials in the valuation ring.

Remark 2.3.6. The valuation v, in Example 2.3.5 can be thought of as the valuation of the
type considered in Example 2.3.4 induced by the “formal curve germ”

t— (¢, ).
In fact, for A =a/b rational with (a,5) = 1, we can define the curve germ
You: SPecCLel = AL, 7o, () =17y (x)=1".

1 . . . .

Letv, , = 3v, wherey, , isthe valuation associated to the curve germ as in Example 2.3.4.
> Yab s

Ifa,/b, — A, then the corresponding valuations v, , converge pointwise to v;.

2.4 Nonarchimedean fields

Definition 2.4.1. A nonarchimedean field® is a field K equipped with a nontrivial nonar-
chimedean norm | - | with respect to which it is complete.

Proposition 2.4.2. Let K be a field endowed with a nontrivial nonarchimedean norm |-|. The
ring operations on K extend uniquely to the completion K of K with respect to d(x,y) = |x—y|,
making K into a nonarchimedean field.

Definition 2.4.3. Let K be a field endowed with a nonarchimedean norm |-|. A psendouni-
formizer is an element t € K with 0 < |¢] < 1.7

Figure 2.2: The monoid of all
(m,n) € Z? for which v(x™y") >
0 (Example 2.3.5). The boundary
of the gray area is the line with
slope —1/4

x+ Ay =0.

Since A ¢ Q, this line contains no
nonzero lattice points.

$For many authors, “nonar-
chimedean field” is simply a field
with a nonarchimedean norm.

? In other words, ¢ is a topologically
nilpotent unit, where topologically
nilpotent means that || — 0.
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Thus |- | is nontrivial if and only if K admits a pseudouniformizer.

Proposition 2.4.4. Let K be a field endowed with a nontrivial nonarchimedean norm |- |, and
let t € K be a pseudouniformizer. Let 0 = {x € K ||x| < 1} be the valuation ring. Then K is
complete (i.e. K is a nonarchimedean field) if and only if O is t-adically complete and separated,
i.e. if the natural map

w: 0 — h(_m o/t"o
is an isomorphism. In this case, the map 7t is a homeomorphism, where the target is endowed
with the inverse limit topology where each O [t" O is given the discrete topology.

Proof. Set p = |t|; we have 0 < p < 1. First, we note that
t"0={xeK: |x|<p"}.

The kernel of 7 is (1) _ "0 = {|x| <0} = {0}. Thus 7 is always injective.

An element f of the inverse limit is a compatible system ( fn €0/t"0). Let f,, € O be
elements mapping to f_n € 0/t"0. We claim that (f,) is a Cauchy sequence. Indeed, we
have f, — f,, € t" 0 for m > n, so |f,, — f,,| < p” for m > n. Thus if K is complete, then
(f,) has alimit / € 0. Now for every 7, we have

f =Ll == ful<p" for m>0,

which shows that f — f, € t” 0. Thus n(f) = f,ie. mis surjective if K is complete.
Conversely, suppose that 7 is surjective. We will show that @ is complete with respect
to | - | (this easily implies that K is complete). Let (f,) € O be a Cauchy sequence. For
every m, the images of f, in 0/t” 0 have to stabilize for n > 0. Let f_m € 0/t 0 be the
stable value (i.e. me = lim,,(f, mod ¢”) for the discrete topology on 0 /t"0). It is easy to
see that f = (f_m) is an element of the inverse limit of 0/t” 0. Let f € O be an element

with n(f)=f, then f =lim .
The claim about the topologies follows from the fact that "0 = {|x| < p”} is a basis of
neighborhoods of zero in 0. O

2.5 Extensions of nonarchimedean fields

The treatment here follows [5, Appendix A] and [12, II §4 and §6].

Theorem 2.5.1. Let K be a nonarchimedean field and let L/K be a finite extension. Then
there exists a unique norm | - | on L extending K. The field L endowed with this norm is a
nonarchimedean field.

For f = 37 ja;x' € K[X], we define its Newton polygon NP(f) as the lower convex
envelope of the set {(0,%(4y)),...,(n,%(a,))} in R%. Its basic property is that NP(fg) =
NP(f) + NP(g) Minkowski sum, i.e. sort the segments of both polygons by slope and
concatenate). In particular, if f is reducible, then NP(f') contains a point of the form (72, )
with 0 < m < deg f an integer and y an element of the value group. One form of Hensel’s

10

lemma'” states a partial converse:

Lemma 2.5.2 (Irreducibility and Newton polygons). Let f € K[X | be a nonzero polynomial
with f(0)#0. Then f is irreducible if NP(f) is a single segment without interior points of the
form (m,y) with m € Z and y € v(K*). Conversely:

(a) (Weak form) If NP(f') has segments both of negative and of non-negative slope, then f is
reducible.

Warning: if K is not discretely val-
ued, then @ will not be a complete
local ring! In that case, the max-
imal ideal of O satisfies m? = m,
and hence 0/m” =k for all n, so
that & ~ k. This is why we need
to work with pseudouniformizers.

Figure 2.3: Newton polygon of the
polynomial

1+ X ="' X2+ X3+ 22 X3

°In the appendix to this lecture,
we shall discuss different formula-
tions of Hensel’s lemma.
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(b) (Strong form) If | is irreducible, then NP(f) is a single segment.

We shall prove the weak form now. It will be sufficient for the proof of Theorem 2.5.1,
which in turn will be used to prove the strong form.

Proof (of the weak form). The first assertion has already been explained in the discussion pre-
ceding the statement of the lemma. To show (a), let (12, 7) be a vertex of NP(f) with smallest
v, and with smallest 72 among those. Then 0 < m < deg f, otherwise all slopes of NP(f)
have the same sign (see Figure 2.5). Replacing f with 4! f, we may assume that y =0, and
consequently f € O[X]. The image / of f in k[X ] decomposes as

F=X"h(X) with h(0)£0.

By Hensel’s lemma (Proposition 2.A.5) using the formulation as in Proposition 2.A.1(b),
the above factorization lifts to a factorization f = gh with degg = m. Therefore f is
reducible. O

Proposition 2.5.3. In the situation of Theorem 2.5.1, let 0 = {|x| < 1} be the valuation ring
of K. An element x € L is integral over O if and only if Nm, ;x(x) € O.

Proof. Let f € K[ X ]| be the minimal polynomial of x. Since f isirreducible, by Lemma2.5.2
its Newton polygon has to be the line segment with endpoints (deg ,0) and (0,c¢) where
¢ = ¥(ay) is the valuation of the constant term of f (Figure 2.5). But ¢ = (—1)" Nmy /. (x),
so if Nmy x(x) € O then NP(f) lies entirely above the line y = 0, which implies that
f € 0[X], so that x is integral over 0.

Conversely, if x is integral, then in fact its minimal polynomial f* belongs to O[X];
in particular, Nm; x(x) = (—1)d8/ £(0) € 0. To see this, let g € O[X] be monic with
g(x)=0. We have g = f') for some (also monic) » € K[ X ]. Then NP(g) = NP(f)+NP(5)
lies above the line y = 0 and ends on it (because it is monic), and hence all of its slopes are
non-positive. However, NP(f) is a single segment (connecting (0, ¢) and (deg f,0)), and its
slope is one of the slopes of NP(g) and hence is non-positive. Thusc¢ >0,i.e. f € O[X]. O

Proof of Theorem 2.5.1. Let 0 = {|x| < 1} C K be the valuation ring of K and let 0" C L be
the integral closure of € inside L. By Proposition 2.5.3, x € 0" if and only if [ Nmy j(x)| <
1. Since the norm is multiplicative, this shows that 0" is a valuation ring of L. Moreover,
0’ NK = 0 because 0 is integrally closed.!

Define |x| = |NmL/K(x)|1/d for x € L, where d =[L : K. This restricts to the norm on
K, is multiplicative, and |x| # 0 for x # 0. To show |x + 7| < max{|x/|,|y|}, we use the fact
that {|x| < 1} = 0’ is a valuation ring.

If || is some other norm extending || to L, then since the corresponding valuation ring
{|x|" < 1} is integrally closed, it contains 0. This implies that | -| < ||, and by Exercise 3
from Problem Set 1, we have | -|' = |- |° for some constant c. But ¢ = 1 since the two agree
on K. O

Theorem 2.5.4 (Krasner). Let K be a nonarchimedean field, and let K be an algebraic closure
of K, which we endow with the unigque extension of | -|. Let K denote the completion of K with

respect to this norm. Then K is algebraically closed.

o~

Proof. Let L be a finite extension of K. By Theorem 2.5.1, there exists a unique norm on L
extending the norm on K and L is complete with respect to that norm. To show L =K, it

therefore suffices to prove that K is dense in L.

(m,y)

Figure  2.4: Proof  of
Lemma 2.5.2(a)

(0,v(ao)) .

(deg f,0)

Figure 2.5: Newton polygon of
an irreducible monic polynomial
f (Proof of Proposition 2.5.3)

" Easy exercise: show that every
valuation ring is integrally closed.
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Let x € L and let 1 > p > 0. We shall find a y € K with |x —y| < p. Without loss

of generality, we may assume that |x| < 1. Let f = 37 4, X’ € K[X] be its minimal

polynomial (with 2, = 1). Since K is dense in K, we can find b, € K (i = 0,...,7) with
|a; — b;| < p (and again b, =1). This implies that

£ = ()= [l — b <
Now, the polynomial g = 37 b, X" splits completely in K:
g= ]i[(X—yi), s Yy €K
Evaluating at x and taking absolute value, we obtain
p>lgl=T Tl
Therefore one of the factors is less than p. a

2.6 Slopes of the Newton polygon

We can now prove the promised strong form of Lemma 2.5.2. It will not be used later in
the course.

Lemma 2.6.1. If f € K[X] is irreducible, then all roots of f in K have the same norm.

Proof. Let L/K be the splitting field of f and let G = Gal(L/K). Thus G acts transitively
on the roots of f in L. Since the norm |- | on L extending the norm on K is unique, the
group G acts on L by isometries. In particular, for any two roots a, 8 of f in L we can find

g € G with 8 = g(a), and then

la| =1g(2)| =15I- 0

For a real number Aand f € K[X ], we define the slope multiplicity u(A, f) of Ain NP(f)
as the length of the projection on the x-axis of the segment in NP(f') with slope A (zero if
it does not exist), see Figure 2.6. Additivity of Newton polygons means precisely that

u(A fg)=uAf)+u(d g) forevery A€R.

Lemma 2.6.2. For f € K[X ] and r > 0, we have

#{aEE : f(a)=0and |a| = r}:,u(logr,f).

Proof. By additivity of both sides of the asserted equality, we may assume that f is irre-
ducible, in which case all roots of f have the same absolute value o by Lemma 2.6.1. We
may also assume that f is monic and p # 0, and write

n n

f:Zan_iXi :H(X—a/), || = p.

1=0 j=1

a;=(—1) Z aj e,

0</1<..<j;<n

21

H(ANP(f)
Figure 2.6: Slope multiplicity
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and taking absolute values we obtain
|ﬂi| S/ol and |ﬂn| = |(’11 -...'(an :pn‘

It follows that NP(f) is the segment connecting the points (0,v(a,)) = (0,—nlogp) and
(n,0). This implies the asserted equality for o = r, with both sides equal to » = deg /.
Therefore for r # p both sides are zero, and hence the assertion is true for every » >0. [

Proof of the strong form of Lemma 2.5.2. Let f € K[ X ] be irreducible. By Lemma 2.6.1, all
roots of / have the same absolute value. By Lemma 2.6.2, the Newton polygon NP(f) has
a single slope, 1.e. it is a segment. O
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2.A  Henselian rings

Hensel’s lemma played an important in the proof of Theorem 2.5.1. The first goal of this
section is to elucidate its role by introducing the notion of a henselian local ring. Roughly
speaking, it isalocal ring in which the assertion of Hensel’s lemma holds. There are however
many equivalent characterizations of this class of local rings, reviewed in Proposition 2.A.1
below, and the reader familiar with the étale topology will surely appreciate the topological
flavor of some of them. The second goal is to prove Hensel’s lemma in its general form: a
local ring complete with respect to a m-primary ideal is henselian.
Our treatment follows the Stacks Project [ 14, Tag 04GE].

Proposition 2.A.1. Let A be a local ring with maximal ideal m. We set k = A/m, x = Speck,
X =SpecA, i: x — X the inclusion. The following conditions are equivalent:

(@) If f € A[T] is monic and t, € k is a root of f = f modw € k[T] such that f_/(to) #0,
then there exists a unigue root t € A of | such that t mod m = t,,.

() If f € A[T] is monic and f = gh is a factorization of f = f modm € k[T with
g,h € k[T] coprime, then there exists a factorization f = gh with g§,h € A[T] such
that § modm =g, h modm=h, and degg =degg.

(¢) Every finite A-algebra is a product of local rings.

(d) For every étale A-algebra B and every prime p C B lying over m and such that k(p) = k,
there exists a section s: B — A of A— B with p = s~!(m).

(¢) For every étale morphism f: U — X and every lifting i: x — U of i (i.e. i = f o1) there

exists a unique section s: X — U such that s oi = 1.12

Proof. Maybe I’ll write something here later. O

Definition 2.A.2. (a) A local ring A is henselian if the equivalent conditions of Proposi-
tion 2.A.1 hold.

(b) A local ring A is strictly henselian if it is henselian and its residue field & is separably
closed.!

() A valued field (K,v) is henselian if the valuation ring 0 = {x |v(x) > 0} is henselian.

Remark 2.A.3. Condition (d) of Proposition 2.A.1 allows one to construct the henselization
of alocal ring A as the direct limit

where 6 is the category of pairs (B, s) with B an étale A-algebra and s: B — k a homomor-
phism extending A — k. (This category is filtering and essentially small.)

Universal property: A — A” is a local homomorphism into a henselian local ring which
is initial among such (in the category of local rings and local homomorphisms).

Similarly, given a separable closure &P of k, we can construct the strict henselization
Ah by considering the category of étale A-algebras endowed with a homomorphism to kP
extending A — k*P. (Using the algebraic closure  instead of £*P gives the same result.)

Remark 2.A.4. The strict henselization of a local ring is the local ring for the étale topol-
ogy. To make this precise, we reformulate everything in terms of geometry. Recall that a
geometric point of a scheme X is a map x — X with x = Spec k(i) for some separably closed

The ultimate reference is Ray-
naud’s book Anneaux locaux
henseliens.

[14, Tag 04GG]

2 Useful to picture this condition
as a lifting problem:

B Equivalently: every étale cover
of Spec A admits a section.


https://stacks.math.columbia.edu/tag/04GE
https://stacks.math.columbia.edu/tag/04GG
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field £(x). (Again, one can use algebraically closed fields instead.) An érale neighborhood of
a geometric point x of X is an étale morphism U — X endowed with a lifting x — U of
% — X. Etale neighborhoods of % in X form a cofiltering category N(X, %), and the colimit

Oxz= lim T(U,0y)
UeN(X %)

is isomorphic to the strict henselization OF of Oy , where x is the image of x in X (and

where we use the separable closure of k(x) in k(%) as k(x)*P). 14

Proposition 2.A.5 (Hensel’s lemma). Every local ring A which is [-adically complete and
separated for an m-primary'® ideal ] C A is henselian. In particular, every complete local ring
is henselian.

For fans of the étale topology, we give a geometric proof:

Proof. We prove condition (e). Let X = SpecA and x = Speck as before, and let

7l

x —X
1

be an étale neighborhood of x — X. Set X, = SpecA/J"*! for n > 0. First, consider the

diagram
x
X

0

_ .U

o l f
X.

N
_

Since x — X, is an immersion defined by the nil ideal'® m/] C A/J, by the infinitesimal
criterion for étaleness! there exists a unique diagonal arrow s, making the square commute.

Starting from s,, we shall successively build maps s,,: X, — U lifting X, — X along f.
It suffices to apply the infinitesimal criterion to the squares

X —1 U

A
l lf

Xn+l —X.

Since A is J-adically complete, in the limit, the maps give the desired section s: X — U.18
O

Remark 2.A.6. The most common proof uses condition (a) of Proposition 2.A.1, and uses
“Newton’s method” to iteratively construct the desired root ¢ using explicit induction steps.
Proofs in [5, Appendix A] and [12] use condition (b), which gives a more direct approach
to proving Theorem 2.5.1, but makes for a messier and less illuminating argument.

Corollary 2.A.7. Every nonarchimedean field is henselian.

Proof. Let K be a nonarchimedean field, let @ C K be its valuation ring, and let ¢ € 0 be a
pseudouniformizer. Apply Proposition 2.A.5 with A= 0 and ] = (¢). O

Lemma 2.A.8. The following are equivalent for a field K endowed with a height one valuation
V.

' Similarly, the henselization is re-
lated in the same way to local rings
for the Nisnevich topology.

1> This means that for x € m we
have x¥ €] for N > 0 depending

on x.

' An ideal in a commutative ring
is nil (locally nilpotent in [14]) if it
consists of nilpotent elements.

Y Infinitesimal  criterion for
étale maps: A morphism
f+X — Y locally of finite pre-
sentation is étale if and only if for
every ring A and nil ideal 7 C A
(equivalently, every square zero
ideal), and every commutative
square of solid arrows

SpecA/] —— X

SpecA —sY

thifrgeniste zonfaswldoithd hetase
soaiseg tie=d Bigea B oodiemporar-

ily revert to commutative algebra.
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(a) K is benselian.

(b) The assertion of Lemma 2.5.2 holds.

Proof. Left as exercise. O
The universal property of henselization induces a map A” — A.

Proposition 2.A.9. For a valued field (K, v), the following are equivalent:

(a) K is henselian,

(b) every finite extension L of K admits a unique extension of the valuation v.

Proof. Suppose that K is henselian. Given Lemma 2.A.8, we can repeat the proof of Propo-
sition 2.5.3 word for word. The first paragraph of the proof of Theorem 2.5.1 shows that
we can extend the valuation ring of K to L, which gives an extension of the valuation, easily
seen to be unique. For the reverse direction, see [12, Theorem II 6.6]. O

Henselian rings will appear later in the course: the local ring Oy , of a point x on a rigid

analytic space X is not complete, but it is henselian.!”

' The same holds for complex ana-
Iytic spaces, e.g. the local ring C{¢ }
of power series with positive ra-

dius of convergence is henselian.






3
The Tate algebra

In this chapter, we fix a nonarchimedean field K. We denote by @ its valuation ring, by
k = O /m its residue field, and by ¢ € m a fixed pseudouniformizer.

We first introduce the Tate algebra, slightly emphasizing the “algebraic” point of view.
We equip it with the Gauss norm, for which we give a geometric interpretation which facil-
itates the verification of some basic properties like multiplicativity or the Maximum Prin-
ciple. The Gauss norm makes the Tate algebra into a Banach K-algebra; we prove that it
satisfies a universal property in the category of Banach K-algebras. Next, we prove that the
Tate algebra satisfies a number of favorable algebraic or topological properties, namely: !

e it satisfies a version of Noether normalization,

e it is Noetherian,

all of its ideals are closed,

the residue fields of its maximal ideals are finite extensions of K.

In the appendix, written jointly with Alex Youcis, we figure out one can view Banach
spaces over K algebraically through the lens of 0/¢”-modules.

3.1 Definition of the Tate algebra

Definition 3.1.1. The algebra of restricted power series in r variables is the ¢-adic completion
of the polynomial algebra 0[X,..., X, ]:

0(Xy,....X,)=lim 0[X,,.... X, ]/(t") =lim (0/t")[X},.... X, ]).
The Tate algebra in r variables is the localization

1
KXy X )= 0(X,.. X) @y K = O(X,.., X.) H

Let n = (¢,X,,...,X,) € 0[X,,...,X,]. The n-adic completion of O[X,...,X, ] is the

ring of formal power series

o[[X,,....X, | =lim O[X,,.... X, ]/n".

Since n 2 (r), we get the induced map on the respective completions:

0(X,,..,X,) > O[X,,....X, ] (3.1)

'T mostly managed to avoid the
rather tedious arguments using the
Weierstrass Preparation Theorem
and the theory of bald and B-rings
used in [5, Chapter 2]. Matter of
taste, I guess.
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Lemma 3.1.2. The map (3.1) is injective, and its image consists of the power series whose coef-

ficients tend to zero: 2

ﬁ(xl,...,X,):{Z a,x" € O[[X,,...,X,]] :an—>Oas|n|—>oo}.

neN”

Proof. We define the inverse homomorphism ¢. Let f = >4,X” € O[[X]] be an element
of the right hand side. The condition that 4, — 0 means precisely that for every m > 0,
all but finitely many of the coefficients a,, are divisible by ¢”. Thus, for every m >0, the
image f,, of f in O[[X]]/t" = (0 /t™)[X]]is a polynomial. The elements f,, € (0/¢")[X]
form a compatible system, and give rise to an element (/) of 0(X). One easily checks that
o is the inverse to (3.1). O

By inverting ¢, we obtain an isomorphism

K(Xl,...,x,)z{z a,X" €K[X,,...,X,]] : a, > Oas |n| - oo}.

neNr

As we have observed in §1.1, the right hand side is precisely the algebra of power series with
coetficients in K which converge in the unit disc

D"(K)={(x,...,x,) €K : |x;| < lfori=1,...,7}.

In particular, this implies that if for f € K[[X,..., X, ]] the series f(x) converges for all

x € D"(K), then it also converges for all x € D" (K).

3.2 Thetopology on K(X,,...,X ) and the Gauss norm

The ring 0(X;,...,X, ), being defined as a completion, carries a natural inverse limit topol-

ogy, called the ¢-adic topology. It extends uniquely to a topology of the Tate algebra K (X, ..., X, )

for which 0(X,...,X,) is an open subring; that topology can be described as the inductive
limit topology, since
K(X,,...x,)=| Jiox,....x,).
n>0

Below, we describe the natural norm inducing these topologies.

Definition 3.2.1. The Gauss norm on K(X,,...,X ) is defined by
|f|=max{|a,| : neN"} if f= Z a,x”.

neN”
In other words, |f] is the infimum of the values of |c| for ¢ € K* such that ¢c7'f €
0(X,,...,X,). In particular, we have

OX,y.. . X, )= {f €K(X,,...X,) - [f] < 1).

The topology on (X}, ...,X,) induced by the metric d(x,y) = |x—y| is the ¢-adic topology.

The geometric interpretation: suppose that K is discretely valued, and that ¢ € 0 is
a uniformizer. Then X = Spec 0[X;,...,X,] = AJ; is a Noetherian regular scheme, and
Y ={t =0} = A] is a prime divisor on X. Therefore Y defines a valuation of height one
vy on k(X) (“order of zero or pole along Y”). It agrees with the Gauss norm in the weak
sense that for f € K[X,...,X, ] CK(X,,...,X,), we have

|f|Gauss = |t|_VY(f)‘

In fact, K[X,...,X, ] is dense in K(X,...,X,) with respect to the ¢-adic topology, and the
Gauss norm is the unique continuous extension of the norm |¢[™*() to K(X,...,X,).
The proofs of the following two easy results employ the above intuition.

2 Here we use the multi-index no-
tation: if » = (ny,...,n,) € N,

we set X” = Xln1

|n|=n;+...4+n,.

- X, and

Compare with Exercise 2 on Prob-

lem Set 2.



Lemma 3.2.2 (The Gauss norm is multiplicative). We have |fg| = |f]| - |g]| for f»g €
K{X,,...,X.).

Proof. Clearly this holds if / € K is a constant. We can therefore rescale / and g so that
|f] =1=g|. Equivalently f,g € 0(X,,...,X,) and their residues modulo the maximal
idealmC @

FEe0(X,,.. X, fm=k[X,,....X,]

are nonzero. Since k[X,,...,X, ] isa domain, f g € 0(X,,...,X,) has nonzero image f g in
k[X,,...,X,],and hence |f g| =1=|f]-|g|- O

Proposition 3.2.3 (The Maximum Principle). For f € K(X,...,X,), we have

Fl=sup{If(erpeesx,)] 2 (psenex,) €K, g <1

Proof. As in the previous proof, we can reduce to the case |f| = 1. Clearly, the right
hand side is < 1; we will show it equals 1. We have f € 0(X),...,X,) and its image
f € k[X,;...,X,] is nonzero. We can therefore find a point (&,-.-,&,) € k7 such that

7

f_(fl, ey é:r) #0. Now k is the residue field of (the integral closure of € in) K;let(&,...,&,) €

K’ be an element lifting (&, ...,&,). Then |&;| < 1and |f(&,,...,&, )| =1. O

Remark 3.2.4. The above proof shows three things in addition. First, the supremum is a
maximum, and therefore attained in L for L a finite extension of K. Second, if the residue
field k is infinite, the above maximum is attained at a point in K. Lastly, the maximum is
attained at a point with || =---=|x,|=1.

The Gauss norm makes the Tate algebra into a Banach K-algebra, as defined below.

Definition 3.2.5 (Banach spaces and Banach algebras). Let V be a vector space over K. A
vector space norm on 'V is a function

|-]: V —[0,00)
such that
L |xv|=|x|:|v|forxeK,veEV,
. |v|=0ifand only if v =0,
ii. |v 4+ w| < max{|v|,|w|} for v,w e V.

It is called a Banach norm if V is complete with respect to the induced metric d(x,y) =
|x —y|. A Banach space over K is a vector space over K equipped with a Banach norm.?
Let A be a K-algebra.* A K-algebra norm on A is a vector space norm | - | on A which

satisfies
iv. |ab|<|a|-|b|fora,b€A.

It is a Banach algebra norm if |-| is a Banach norm. A Banach K-algebra is a K-algebra equipped
with a Banach algebra norm.

Let M be a module over a Banach K-algebra A. An A-module norm on M is a vector space
norm | -| on M which satisfies

U |lam|<la|-|m|fora€A, meM.

It is a Banach module norm if |- | is a Banach norm. A Banach A-module is an A-module
equipped with a Banach A-module norm.
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* Note that in axiom 1. it is enough
to require |xv| < |x|-|v|. Indeed,
for x # 0 we have

-1
[x|-|o] = |x|-|x™xo| < [xo| < |x||o].

*In this course, all K-algebras are
commutative.
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A linear map f: V — W between Banach spaces over K is continuous if and only if it is
bounded in the sense that |f(v)] < C-|v| (v € V) for some constant C independent of v.
This implies in particular that a continuous f: V — W is uniformly continuous.

Proposition 3.2.6. The Tate algebra K(X,,...,X,) is a Banach algebra when equipped with
the Gauss norm.

Proof. Axioms i.-iil. are clear, and iv. follows from Lemma 3.2.2. It remains to show that

K(X,,...,X,)iscomplete. It suffices to show that the closed unit ball {| /| < 1} = 0(X|,..., X,)

is complete. This in turn follows from the fact that 0(X, ..., X, ) is t-adically complete. []

Corollary 3.2.7. The Tate algebra K(X,,...,X,) is the completion of K[X,,..., X, ] with re-
spect to the Gauss norm.

Proof. It suffices to observe that O[X,...,X, ] is dense in O(X,,...,X,), which follows
from the definition (and the fact that the metric topology induced by the Gauss norm agrees
with the #-adic topology). O

3.3 The universal property

Definition 3.3.1. Let A be a Banach K-algebra. An element a € A is powerbounded if the
set {a” : n > 1} is bounded, meaning that {|z”| : » > 1} is bounded from above. We denote
the set of powerbounded elements by A° C A.

The subset A° C A is a subring. If the norm on A is multiplicative, then a € A° if and
only if || < 1; therefore A° = {|a| < 1} is an open subring. Thus for A = K(X,,...,X,) we
have A° = 0(X,,...,X,).

Every continuous homomorphism A — B maps A° into B°. Since the element X € K(X)
is powerbounded, for every Banach K-algebra we obtain a map

p—p(X) : Homg(K(X),A)—A°, (3.2)

where for Banach K-algebras A and B, Homg(B,A) denotes the set of all continuons K-
algebra homomorphisms B — A.

Lemma 3.3.2. The maps (3.2) are bijective and define an isomorphism berween the functors
A — Homy(K(X),A) and A — A° from Banach K-algebras to sets. In other words, K(X)
represents the functor A — A°.

Proof. Since K[ X Jis dense in K (X ) (Corollary 3.2.7), any two continuous K -algebra homo-
morphsims ¢, ¢: K(X) — A with ¢(X) = ¢(X) have to coincide. This shows injectivity.
To show that ¢ — ¢(X) is surjective, let « € A° and let ¢: K[X] — A be the unique K-
algebra homomorphism sending X to 4. To extend ¢ to the completion K(X) of K[X]
with respect to the Gauss norm, it suffices to show that ¢ is (uniformly) continuous, i.e.
that

lp(/)I<C-|f| forsomeC >0.

Since a is powerbounded, there exists a C such that |¢”| < C {for all » > 0. But then, for
f=3".b,X" € K[X], we have

lo(f)l = ibﬂi < max{|b;]} - max{|a"[} <|f]- C. 0

Warning. If A is not reduced, then
the subring A° is not very well-
behaved.

For example, if A = K(X)/(X?)

then A° = 0 ® K - X is neither
bounded nor z-adically separated.

Similarly, K(X,,...,X,) repre-
sents the functor A — (A°)".



3.4 The Tate algebra is Noetherian
The goal of this section is to prove that K(Xj,...,X,) is Noetherian.

Proposition 3.4.1 (Warm-up). Suppose that K is discretely valued, i.e. O is a dvr. Then
0(X,,....,X,) and K(X,,...,X,) are Noetherian.

Proof. Since O is Noetherian, so is the polynomial algebra 0[X;,...,X,]. The comple-
tion of a Noetherian ring with respect to an ideal is Noetherian [3, Theorem 10.26], thus
0(X,,...,X,) is Noetherian. Finally, the localization of a Noetherian ring is Noetherian,
and therefore K(X,,...,X,) is Noetherian as well. O

However, if the valuation is nondiscrete, then @ will not be Noetherian: the maxi-
mal ideal is not finitely generated, in fact it satisfies m = m?. Thus 0(X,,...X,) is non-
Noetherian as well, for the same reason. That reason disappears when we invert ¢.

The proof below loosely follows Tian’s notes [ 15], with some simplifications.

Proposition 3.4.2 (Noether normalization). Let I CK(X,,...,X,) be a closed ideal.> Then
there exists a finite and injective K-algebra homomorphism

K(Y,....Y,)>K(X,,....X,)/I forsomes<r.

Proof- The idea of the proof is to deduce the statement from the usual Noether normaliza-
tion lemma over k. We shall use the algebra 0(X|,...,X,) as an intermediary between the
Tate algebra K(X,...,X,) and the polynomial ring k[ X|,..., X, ].

Let] =1IN0(X,,...,X,) and B = 0(X,,...,X,)/]. Note that J is open in I, we have
I=]-K(X,,...,X,),and ] is closed in O(X,,...,X,). The last fact implies that

B zli(_mB/t”, B/t"=(0/") X, X, /]

n

Noether normalization applied to B/m = k[X],..., X, ]/J produces a finite injective map
k[Yi,....Y,]— B/m

which we can lift to a map 0(Y,...,Y

) — B. Indeed, we can certainly lift it to an O-

algebra map O[Y,...,Y,] — B, and upon taking ¢-adic completion we obtain the desired
0(Y,,...,Y,) — B (because B is t-adically complete). We want to show that the latter map
is finite and injective as well.

Injectivity is easy: let f € O(Y},...,Y,) and write f =cg with c € 0 and |g| = 1. Then
¢ has nonzero image in £[Y},...,Y,], and hence its image in B/m is nonzero. Since B is
O-torsion free (being a submodule of the K-module K(X,..., X )/I), we see that / maps
to zero only for ¢ =0.

For finiteness, as an intermediate step we will show that

o/t[Y,,....,Y,]— B/t

is finite. It suffices to show that the images of X; in B/t are integral over 0/t[Y},..., Y ].
Since their images in B/m are integral over £[Y],...,Y,], there exist monic polynomials
P, € 0(Y,,...,Y,)[X] with P;(X;) € mB. But then for N > 0 we have P)(X;) € tB, i.e.
the X, are integral over 0/t[Y,...,Y,].
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> We shall soon prove that every
ideal in K(X,..., X, ) is closed.
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Now, let {Z,} be a finite set of elements of B which generate B/t asa 0/t[Y,,...,Y, ]
module. Fix W, € B and write

WO = Zfo,aza + th
= Z(fo,a + tfl,a)za + tZWZ
=..£> 12,

where f, =37, f, ,t". Indeed, the difference of the two sides of < belongs to () "B =0.
Therefore Z,, generate B over 0(Y,...,Y,). 6 O

Remark 3.4.3. The above proof shows that we can choose the finite injective map so that

it factors through K(X|,..., X, ). This is not automatic, for example in the situation below

K(X)

K(Y) —= K(X)/(X?)
there does not exist a dotted arrow making the triangle commute. Indeed, the element
t7'X € Ais nilpotent and hence power-bounded, but it cannot be lifted to a power-bounded
element of K(X). We will need this observation in §4.2, where the above issue will be

clarified.
Proposition 3.4.4. The Tate algebra K(X,,...,X,) is Noetherian.

Proof. We prove this by induction on r. Let I € K(X|,...,X,) be a nonzero ideal. Pick
f €I with |[f| = 1. It is enough to show that K(X,,...,X,)/(f) is Noetherian, for then the
image I /(f) is finitely generated and hence so is /.

The ideal (f) is closed, as multiplication by f
FK(Xp. .0 X,) = K(X,,...,X,)

is an isometry onto its image (f). We can therefore apply Noether normalization (Propo-
sition 3.4.2) to obtain a finite and injective homomorphism

X)) /(f)-

Moreover, since |f| = 1, we must have s < r by construction. By induction, K(Y,...,Y;)
is Noetherian and hence so is K(X,..., X, )/(f). O

X, ) is closed.

K(Y,,...,Y,) > K(X,,...

Proposition 3.4.5. Every ideal in K(X,..

Proof- Let I CK(X|,..
finitely generated: I = (f;,..., f.). Using the density of I in I, we will show that we can find

.,X,) be an ideal and let T be its closure. Then 7, again an ideal, is

another system of generators (g;,...,g,) with g; € I, showing I =1.
Consider the surjective and bounded map of Banach spaces

KXy X% =T, (byeoss by ST

By the Open Mapping Theorem’, there exists a C > 0 such that for every f €I there exist
hiy....,h, € K(X,,...,X,) with f =>"h; f; and |h;| < C - |f].

¢ The argument presented in the fi-
nal paragraph shows more gener-
ally that if A is a t-adically com-
plete O-algebra and M is a ¢-
adically separated A-module, then
elementsey,...,e, € M which gen-
erate M /¢ also generate M (“z-adic
Nakayama’s lemma”).

”Open Mapping Theorem. A
surjective continuous map w: V. —
W of Banach spaces over K is open.
That is, there existsa C > O such that
{|w| < 1} is contained in w({|v| <
C}).

Proof.  Open your Functional
Analysis textbook and check that

the proof works without change in

the nanA rehimedean coftino mM



Since I C I is dense, we can find g;,..., g, € I with |g; — ;| < C~'. By the previous
paragraph, there exist »;; € K(X},...,X,) (1< 4,7 <) such that

]

Rewrite this as

8 :ZHijfj> H;;=h;;+6,;,
j

so that the matrix H = [H;;] satisfies [ —1d| < 1 (for the supremum norm on matrix
entries). It is easy to see (see Problem 2 on PS3) that this implies that H is invertible, showing

T=(fen f) S (g1eer8) S 1. C

3.5  Maximal ideals

Recall that by Nullstellensatz, for an algebraically closed field &, the maximal ideals in
k[X|,...,X,] are in bijection with &”. If k is not necessarily algebraically closed, and k
is an algebraic closure, then maximal ideals in £[X],...,X, ] correspond to orbits of the
action of the Galois group Gal(k /&) on % . The case of the Tate algebra is similar.

Proposition 3.5.1. There is a bijection between the set MaxK (X, ..., X, ) of maximal ideals
inK(X,,...,X,) and the set of orbits of the action of the Galois group Gal(K /K) on

D’ (K)={(x},...,x,)€K" : |x;| <1},
where |- | is the unique extension of the norm on K to K.

Proof. For x =(x,,...,x,) € D*(K), let

m, = (f €K(X,,....X,) : f(x)=0)

(note that f(x) makes sense because |x;| < 1). This is a maximal ideal, as the image of the
evaluation map

f=fx):K(X,,....X,) =K

is a subring of K containing K and hence is a field. Moreover, Galois conjugate points give
the same ideal, so we get a map x — m_ from one side to the other.

Conversely, let n (the notation m already being reserved for the maximal ideal in @) be a
maximal ideal in K(X,...,X,). Applying Noether normalization, we see that the residue
field L = K(X,,...,X,)/n is finite over K(X|,...,X,) for some s. But this implies that the
latter ring is a field, so s = 0 and L is a finite extension of K. Embedding it into K, we obtain
a homomorphism

¢:K(X,...,X)—>L—K.

Let x; = (X;) € K. Thus x; are powerbounded, and hence |x;| < 1. This gives a point
X = (x,...,x,) € D’(K), well-defined up to the choice of the embedding of L in K. This
gives a map n — x in the other direction.

As such embeddings are permuted by the Galois group, it is clear that m, — x. If n+— x,
then n € m_, and hence they are equal since both are maximal. We have thus constructed
mutually inverse bijections. O

Corollary 3.5.2. Every K-algebra homomorphism
K(Y,,...,Y.) > K(X,,..., X,)

15 continuous.
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Proof. By the Maximum Principle (Proposition 3.2.3), the Gauss norm on K(X,,...,X,)
agrees with the supremum norm

|f|suP:sup{|f mod n| : n € MaxK(X,,...,X,)},

where |/ mod n| is the norm of the image of / in the residue field L = K(X,...,X,)/n. This
definition of the Gauss norm is intrinsic to the K-algebra structure on K(X,...,X,). It is

also straightforward to check using |- |G, = ||« that for every K-algebra homomorphism

sup

p: K(Y,,....Y,) > K(X,,...,X,)

we have |o(f)| <|f|, i-e. f is not only continuous but even contracting. O

3.6  More commutative algebra

We state the following additional results without giving a proof.

Theorem 3.6.1. (@) The Tate algebra is Jacobson (every prime ideal is the intersection of max-
imal ideals).

(b) The Tate algebra is vegular, of Krull dimension n, and excellent.

(c) Everyideal I C K(X,,...,X,) admits a system of generators (f,,...,f,) with |f;| = 1 and
such that every f € I we can write f =" f;g; with |g;| < |f]

See [5, Proposition 2.2/16].

See [6, §1.1] and references
therein.

See [5, Corollary 2.3/7].



3.A Banach spaces (with Alex Youcis)

The goal of this slightly persnickety appendix, only tangentially related to the lecture, is to
explicate the notion of a Banach space over K in terms of @ /¢”-modules. The main result
(Proposition 3.A.9) describes the category Bany of Banach spaces over K as a localization of
the category Mod}; of complete 0-modules (which itself is the inverse limit of the categories
Mody/,.) with respect to topological isogenies, i.e. morphisms whose kernel and cokernel
have dense torsion submodules.

As before, we work over a non-Archimedean field K, denote by 0 C K be its valuation
ring, and fix a pseudouniformizer ¢ € 0.

3.A.1 Torsion-free O-modules

Mod, for a ring A is the category of all A-modules, and Modﬁ is the full subcategory of flat
A-modules.
For M € Mod,;, we define its torsion submodule

M= Uker(t”:M—>M).

n>0

The module M is torsion (resp. torsion-free) if M, = M (resp. M, . = 0). We have the

ors ors

following basic result:
Lemma 3.A.1. An O-module M is flat if and only if it is rorsion-free.

Since the module M /M,
O-module flat. Since every map M — N where N is torsion-free has to map M,

or 18 torsion-free, we have a functorial way of making any given

ors tO ZEro,

we obtain:

Lemma 3.A.2. The functor

M — M/M,, : Mod,, — Mod/,

tors *

is a left adjoint to the inclusion Mod; C Mod,,.

3.A.2 Complete O-modules

The completion of an 0-module M is the inverse limit

M=1lim M/t"M.
“—
n
A O0-module M is complete if the natural map M — M is an isomorphism. We denote by
Mod}, the full subcategory of Mod,, consisting of complete @-modules. The completion

functor
M — M:Mod, — Mod),

is a left adjoint to the inclusion Mod/; € Mod,,.

We denote by Modg’f the full subcategory of flat and complete 0-modules. The com-
pletion of a flat @-module is again flat, and again the completion functor Mod; — Modg’f
is a left adjoint to the inclusion functor.

We have equivalences of categories

Modj, =2-limMod,,;,, and Mody’ =2-limMod, ,,

n n

THE TATE ALGEBRA 35

Still slightly incomplete.



36 INTRODUCTION TO NON-ARCHIMEDEAN GEOMETRY

where for an inverse system of categories (6,,,7,: 6, — 6,), we define its 2-categorical
inverse limit 2-lim 6, as consisting of systems of objects and isomorphisms (x,, € 6,,,¢,,: 7,,(x,,, 1) >
x,,), and where morphisms are systems of maps (x/, — x,,) commuting with the maps ¢/, ¢,,.

Warning: The category Mod}, has kernels and cokernels. The kernel is simply the See [14, Tag 07]Q].
kernel in Mod,;, and the cokernel is the completion of the usual cokernel. However, Mody,

is not abelian. The reason for that is that the image of a map need not be closed.

Lemma 3.A.3. The functor M — (M /M,
Mod),.

N is a left adjoint to the inclusion Modg’f c

OFS)

Proof. We have a commutative diagram of categories and functors

| e

Mod]; —— Mod,,
~
M—M/M,

ors

where the straight arrows are inclusion functors and the curvy (solid) arrows are their re-
N in

this diagram gives a dotted arrow which is a left adjoint to the top inclusion functor. O

spective left adjoints. It follows formally that going down-left-up (i.e. M — (M /M,

0rs>

Lemma 3.A.4. Let M be an object of Mod/y and N a submodule of M. Then, there is a natural
embedding
M/N — (M/N)"

with dense image.

Proof. Let us note that
(M/NY' = lim(M/N)/¢"(M/N) =lim M /(" N).
So, let us then observe that we have a natural map
M — limM/(t",N)

We claim that the kernel of this map is precisely N. Indeed, to show that N is in the kernel
we need to show that N projects to zero in (¢, N) for every n. But, take x in N and write
x = limy, with y, in N for all » and x —y, € t”M. Then, evidently x projects to 0 in
M/(t",N) since x is in y,, + t"M C (¢”,M). Conversely, suppose that x maps to zero in
li(_mM/(t”,N). Then, by definition, for all # > 0 we have that we can write x =y, + "z,
for some y, in N and z,, in M. In particular, from this we see that x = limy,, and thus x is
inN.
From this we see that we get an injection
M/N —limM/(¢",N) = (M/N)*
To see that it has dense image it suffices to note that for all » we have the composition
M/N —limM/(¢",N)— M [(t",N)

is surjective, from where the claim follows. O

From this we deduce the following:

Corollary 3.A.5. Let M be an object of Mody. Then, M,

wors 1 dense in M if and only if
(MM, )" is zero.


https://stacks.math.columbia.edu/tag/07JQ

3.A.3  Banach spaces

See Definition 3.2.5 for the definition of a Banach space. A linear map f: V — W between
Banach spaces over K is called bounded if there exists a ¢ € [0, 00) such that

If(v)|<clv| forallvweV.

We denote by Hom(V, W) the linear space of such maps. It is stable under composition,
and we denote the category of all Banach K-spaces and bounded maps by Bany.
We then have the following well-known result (e.g. see [4, §2.1.6] and [4, §2.1.8]):

Lemma 3.A.6. Let V and W be Banach K-spaces. Then, a K-linear map [ : V. — W is
bounded if and only if 1t’s continuous. Moreover, the function

1= sup L
x#£0 |x|

is a norm on Hom(V, W) which endows Hom(V, W) with the structure of a Banach K-space.
Moreover, the following properties hold:

L |fl= sup ()l
|x|=1

2 f ()| <|f||x| forall x in V.

3. |f o gl <|f|lgl for any continuous map of Banach K-spaces g : W — U.

3.A.4 Lattices
For V € Bang, we write V, = {|v| < 1}. We then have the following elemenary observation:

Lemma 3.A.7. The subset V, is an O-submodule which is O-flat, complete, and such that the
induced map Vy @ ;, K — V. is an isomorphism.

Proof. Since |xv| < |x||v| for all x in K and v in V we evidently see that Vj is an O-
submodule of V. Since V is a K-module we know that it’s O-torsionfree and thus a fortori
the same holds true for V;, which implies that it’s 0-flat. Finally, we note that the induced
map Vy;®,K — V isan isomorphism as follows. Since K is O-flat we have that the induced
map V,®, K — V ®, K is injective. But, we note that V ® , K = V via the map which
maps v ® x to xv. Thus, we see that the induced map V,; ® , K — V is an isomorphism if
and only if for all v in V one can write v = xv, with x in K and v, in V,. But, this is clear
since if £”v converges to 0 and so, since Vj is open in V, must be in V, for some 7 > 0. We
then can write v = t"(¢" ). O

If /: V — W is a continuous map of Banach K-spaces, then for ¢ € K we have f(V,) C
¢ W, if and only if |c| > |f]. In particular, we see that if we set

Homy(V,W):={f e Hom(V,W): |f| < 1}
then we have the equality
Homy(V,W)={f e Hom(V,W): f(V,) € W}

We define the category Ban,, to be the subcategory of Bany with the same underlying class
of objects but where for V and W Banach K-spaces we set

Homg,, (V,W):=Homy(V,W)
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and call it the category of Banach lattices.

Conversely, every torsion-free complete 0-module V, induces the structure of a Banach
space on V =V, ®, K by setting

|lo]= inf |x|
xeK>
xlveV,

We have V, ={v € V : |v| < 1}. In particular, if f/ : V; — W} is an 0-module map, then
the induced map f : V. — W = W ®, K maps V, into W, and therefore it is continuous
and |f| < 1.

Proposition 3.A.8. The functors
—®K:Mod) —Ban,, V> V,:Ban, — Mod}/
are mutnally inverse equivalences of categories.

Proof. Follows from previous observations. O

3.A.5  Banach spaces in terms of complete modules

We would now like to put this altogether to obtain Ban is a localization of ModJ;. Namely,
let us define a morphism f: V; — W, in Mod}, to be a topological isogeny if ker f and has
dense torsion and if the cokernel of

(VO/VO )A - (WO/WO,tors)/\

,tors

is annihilated by ¢V for some N. We then have the following:

Proposition 3.A.9. The functor
F:Mod}y, — Bang : M — (M/M,,.)"®, K
realizes Bany as the localization of Mod), with respect to topological isogenies.

Proof. We first check that F turns topological isogenies into isomorphisms. Let /: V, —
W, be a topological isogeny. Since the functor F, being the composition of a left adjoint
and of an exact functor, is right exact, we have an exact sequence

0— F(ker f)— F(V,) — F(W,).

But F(ker /') = 0 because ker f has dense torsion (Corollary 3.A.5). Thus F(f) is injective.

By [? , Lemma 5.5] it suffices verify that F is essentially surjective, weakly full with fixed
target (as in loc. cit.), and for all V' in Bang we have that F~!(V) is a cofiltering category,
and that F(f) is an isomorphism if and only if f is topological isogeny.

To see that F is essentially surjective and weakly full with fixed target, we can apply
Proposition 3.A.8.

To see that F~'(V) is cofiltering is clear

Finally, we verify that F(f) is an isomorphism if and only if f is a topological isogeny.
But, by the open mapping theorem we know that F(f') is an isomorphism if and only if

ker F(f)=ker(f)®, K, coker(F(f))=coker(f)®,K

(using the O-flatness of K) are both trivial. Thus, it suffices to show that F(M) is zero if and
only if M, is dense in M. But, since (M /M,,,)" is flat we know that (M /M, )" embeds
into F(M) and thus F(M) is zero if and only if (M /M, )" = 0. The claim then follows from
Corollary 3.A.5. O
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We summarize the preceding discussion with the following diagram

2- lﬂn Modg ), = Mod), Mod/;[(top. isog.)™']

o~

M—~(M /ers)Al

. A, ~
Z-EEnMod];/t” ~ Modﬁf o<~ Bang Bang.






4
Affinoid algebras and spaces

In this short section, we study quotients of Tate algebras, called affinoid algebras. The main
result is that they carry natural equivalence classes of Banach K-algebra norms. Later, we
will define their affinoid spectra, which will serve as building blocks for rigid-analytic spaces
over K, just as spectra of finitely generated algebras over a field £ are building blocks for
schemes locally of finite type over k.

4.1 Affinoid algebras and the residue norm

Definition 4.1.1. Let K be a non-Archimedean field. An K-algebra A is an affinoid algebra
if it is isomorphic to a quotient of the Tate algebra K(X,...,X,) for some r > 0.

The results from §3.4 and §3.6 imply the following.

Proposition 4.1.2. Every affinoid K -algebra A is Noetherian, Jacobson, and there exists a finite
and injective K -algebra homomorphism

K(Y,,...,Y,)>A

for some s > 0.

Let A be an affinoid K-algebra and let
a: K(X,...,X,) > A

be a surjective homomorphism; set / = ker(a). Since every ideal in the Banach K-algebra
K(X,,...,X,) is closed (Proposition 3.4.5), the quotient A = K(X,,...,X )/I is a Banach
space for the residue norm

fl.=inf{lg| : g €™ (f)}-

Further, it is trivial to check that | - |, is sub-multiplicative, therefore making (4,|-|,) into a
Banach K-algebra. We shall soon prove that different presentations a give rise to equivalent

norms |- |,.

4.2 The supremum norm

Our goal in this section is to show that the K-algebra structure on an affinoid K-algebra A
determines its topology. This is similar to the fact that the ¢-adic topology on an 0-module
is canonically determined.

Our main foothold will be the corresponding result for finite field extensions of K, The-
orem 2.5.1. We already know that affinoid K-algebras are Jacobson, which means that their
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maximal ideals carry significant information, and that the residue fields at maximal ideals
are finite extensions of K. Together, these observations allow us to define the supremum
semi-norm on an affinoid K-algebra A by setting

|floup = supf{lf (x)] : x € MaxA},

where |f(x)| is the absolute value of the image of f in the residue field L of x with respect
to the unique extension of the norm on K to L. (We already saw a preview of this for
A=K(X,,...,X,) in the proof of Corollary 3.5.2.)

Proposition 4.2.1 (Properties of the supremum semi-norm). Let A be an affinoid K -algebra.

(@) The supremum semi-norm |- |, on A satisfies the axioms (i), (iii), and (iv) of a Banach

K-algebra norm (Definition 3.2.5). It is power-multiplicative, in the sense that |a” |, =
|a|%,y- For every K-algebra homomorphism ¢: A — B between affinoid algebras, we have

lp(a)]sp < |ﬂ|supfor alla € A.

(b) One has |a,, = 0 if and only if a is nilpotent. If A is reduced, so that axiom (ii) of Defini-

tion 3.2.5 is also satisfied, then |- |, is a Banach K-algebra norm.

sup

(¢) ForA=K(X,,...,X,), the supremum norm coincides with the Gauss norm.

(d) (Maximum principle) For every a € A there exists an x € Max A such that |a|

particular, there exists an n > 1 such that |al},, € |K|.

= |a(x)|. In

sup

(e) For every residue norm |- |, on A, an element a € A is powerbounded (Definition 3.3.1) if
and only if || < 1.

sup —

Proof. Part (a) is clear. The first assertion of (b) follows from the fact that A is Jacobson, so

that
VE= ) w

neMaxA

Completeness of a reduced A with respect to ||, 1s more involved and will not be needed;

sup
see [4, Theorem 6.2.4/1]. Part (c) was proved as part of the proof of Corollary 3.5.2.

For the remaining claims (d) and (e), we need some preparatory results. The following
easy lemma says that one can estimate the absolute values of the roots of a polynomial by

looking at its Newton polygon.

Lemma4.2.2. Let f = X" 4a,X"""+...4a, € K[X ]| beapolynomial, andlet a,,...,a, €K
be its roots. Then

ey

Proof. The right-hand side is equal to exp(—u) where u is the largest slope of NP(f) (see
Figure 4.2). By Lemma 2.6.2, this equals max|«a;|. O

Let us fix a surjection a: K(X|,...,X,) — A and finite and injective homomorphism
B:K(Y,,...,Y,) — A. By Remark 3.4.3, B can be lifted to a map y: K(Y},...,Y,) —
K(X,,...,X,); part (c) implies that y is contracting with respect to the Gauss norms.

We fix an a € A; since a is integral over K(Y,...,Y), we fix a polynomial

f=X"+ X"+ +f, €K(Y,,....Y,)[X]

such that () = 0. We make the following assumption:!

B=K(Y,....,Y)[X]/(f) — A s injective.

s

slope log|a,|'/* :—@

(ﬂ—i,v(ﬂi))

(n,0)

Figure  4.2.1: Proof  of
Lemma 4.2.2.

@, surjection

KXy, X,) ——='A

y, contracting
B, finite+injective

K(Yy,...,Y))

!'"This assumption is satisfied for
example if A is a domain, or
just torsion-free asa K(Y7,...,Y;)-
module, and if f is of minimal de-

gree, see [5, Lemma 3.1/13].
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Note that B=K(Y},...,Y,,X)/(f) is also an affinoid K-algebra. Under the above assump-
tion, Max(A) — Max(B) is surjective. Therefore

Jal sup |a(x)|= sup [X(x)|

sup —
x€Max(A) x€Max(B)

= sup max | X(x)|
yEMax(K(Y,,...,Y,) XEMax(B),x—y

By Lemma 4.2.2, the maximum equals max | £(y)|"/#, and hence the above equals max | £; |511{; =
max|f; [/,

We have thus, under our simplifying assumption, obtained the following assertion:

One can find f such that |a[,, = [max. TR

We omit the rather unenlightening reduction to this case, referring the reader to [5, §3.1].2

To prove (d), we apply the Maximum Principle (Proposition 3.2.3)to g = f;-...- f, €
K(Y},...,Y,), obtainingay € MaxK(Y},...,Y,) with |g|,, = |g| = [g(y)|- But this implies
that |£;]s,, = |f;| = |£;(»)| for every i, and hence

lalgp = max |fi|'" = max |£;(y)]"/' = max|a(x)|.
i=1,...,n i=1,...,n Xy

........

To prove (e), the condition |al,, < 1 is equivalent to |f;| < 1 for all ;. This implies
that 4 is integral over 0(Y7,...,Y,). Since y is contracting (Corollary 3.5.2), the images
a; = B(f;) = a(y(f;)) € A satisty |a;|, < 1. This easily implies that 4 is power-bounded: if

C =max{|a’|, : i <n} then by induction we show that [a"*"| < C for all m > 0:

n—1
la" 7|, = —Zan_ia‘+m <C.
1=0 a
Finally, if a is powerbounded, then [a[},, = |4”|,, < |4"], is bounded, forcing |a|;,, < 1. O

Theorem 4.2.3. Every K-algebra homomorphism A — B berween affinoid K-algebras is con-
tinuous with respect to any choice of residue norms on the source and target. In particular, all
residue norms on an affinoid K-algebra are equivalent.

Proof. Fix a surjection a: K(X,,...X,) — A corresponding to a residue norm | - |, and let
:K(X,,...X,) >A—B

be the composition. Since A has the quotient topology, it is enough to show that ¢ is con-
tinuous. In other words, we may replace A with K(X|,...X,) endowed with the Gauss
norm.

The elements b; = ¢(X;) € B are power-bounded by Proposition 4.2.1(e), since

|bi|sup < |Xi|sup =1

By the universal property of K(X|,...X,) among Banach K-algebras, there exists a unique
continuous K-algebra homomorphism

¢ :K(X,,...X,) > B suchthat ¢'(X;)=2b,.

1

It suffices to show that ¢ = ¢’. Fix / € K(X,,...X,) and set g = ¢(f)—¢'(f) € B.
For every maximal ideal n € B and every s > 1, the quotient B/n’ is a finite dimensional
K-algebra, and therefore the composition

royp: K(X,,...X,) > B—B/n’

?Idea of the reduction [5,
Lemma 3.1/14]: replace A with
[1A/p; where py,...,p,, € Aare
the minimal prime ideals. For
each i, the affinoid K-algebra A/p;
is a domain, and we can apply [5,
Lemma 3.1/13].
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is continuous (since B/n’ is finite-dimensional, all norms are equivalent). Indeed, we may
assume that 7t o ¢ is surjective, and then 7 o ¢ is continuous with respect to the residue
norm it induces on B /n®). This forces 7 = 7¢’ by the universal property of K(X;,...X,)

applied this time to B/n’.
Thus g maps to zero in B/n® for every nand s. Therefore for every n, the image of g in
A, liesin () n°A,, which is zero (by Krull’s intersection theorem). This implies that g = 0.
O

4.3 Completed tensor product

Definition 4.3.1. Let V and W be Banach spaces over K. A completed tensor product VW
is a Banach space representing the functor

Bilinear(V, W;—): {Banach spaces over K} — Sets,
Bilinear(V, W; U) = {continuous bilinear maps V x W — U}.
Proposition 4.3.2. The completed tensor product exists for any two Banach spaces over K.

Proof. We use the ideas of Appendix REF. Let V, = {|v| <1} S Vand Wy ={|w| <1} C W
be the corresponding lattices, and let M, be the z-adic completion of V,® , W, Since V;, and
W, are flat, so is M. Thus M = M,® ;K is a Banach space over K with My = {|m| <1} C M.
The bilinear map
(v0: o) = v ® wy: Vo ® W — My

extends uniquely to a K-bilinear map u: V.® W — M. The map u is continuous (WHY?).

We claim that the map u exhibits M as a completed tensor product of V and W. Thus,
let U be a Banach space over K, and let a: V x W — U be a continuous bilinear map.
Rescaling the norm on U, we may assume that a(Vy; x W,) € U,. The bilinear map of
complete O-modules V; x Wy — U, extends uniquely to a linear map V, ® , W, — Uj,.
Since U, is complete and completion is a left adjoint, this map factors uniquely through the
completion M,. Inverting ¢, we obtain the desired linear and continuous M — U. O

Remark 4.3.3. Alternatively, one can construct V®W as the completion of V @ W with

respect to the norm ...

Lemma 4.3.4. Let A — B be a homomorphism of affinoid K-algebras. Then there exists an
r > 0, a (finitely generated and closed) ideal I C A(X,,...,X,), and an isomorphism of A-
algebras

B~K(X,,...,X)/I.

s

Proposition 4.3.5 (Pushouts of Banach K-algebras). (@) The category of Banach K-algebras
admits amalgamated coproducts (pushouts). The underlying Banach space of the pushout of

B—A-C
is the completed tensor product B® ,C.
(b) If A, B, and C are affinoid K-algebras, then so is B® ,C.
(c) Completed tensor products of affinoid K-algebras can be computed in the usual way: if
B=AX\,-..,.X,))(fis-- s [)s C=A(Y 15, Y /(G155 8m)s

then
B®,C ~AX ... X, Yoo s YV (Frse s [ 8o o5 &)

TODO: Easier proof using the
Closed Graph Theorem.

TODO: complete this sec-
tion. Meanwhile, consult [5,
Appendix B].
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Sheaves, sites, and topoi

In this chapter, we will learn how to deal with “spaces” without enough points, or with no
points at all!!

5.1 Motivation: reinventing the real

Imagine being a geometer who does not believe in irrational numbers, perhaps for the fear
of drowning. You study the geometry of the “line” Q and maybe the higher-dimensional
spaces Q”. With the irrationals hiding in your blind spot, the “unit interval” [0,1]q =
[0,1]1N Q appears to you as both connected and compact, in the naive sense that it is not
the union of two disjoint intervals with rational endpoints, and that every family of such
intervals in Q which covers[0, 1] admits a finite subcover. Further, the functor assigning to
each interval with rational endpoints (4, b)q = (4, £)NQ the set of all continuous piecewise
linear functions (a,5)q — Q satisfies the sheaf condition for finite coverings by intervals
with rational endpoints. 2

Naturally, these properties fail to hold for the usual metric topology on Q. Since we
want to make do with what we have and avoid “filling in the holes,” we need a different way
of formalizing our naive thoughts above.

Definition 5.1.1. A closed (resp. open) rational box is asubset of Q" of the form [T;_,[4;, £, 1o

(resp. [Ti—1(a;, b;)q) with a;, b, € Q.

(a) An open subset U C Q7 is an admissible open if for every closed rational box K C U
there exists a finite collection Vj,...,V, of open rational boxes contained in U such
that K CJ7, V.

(b) A cover U= U, of an admissible open U by admissible opens U, is an admissible
acl ~a p y P a

cover if for every closed rational box K C U there exists a finite collection V},...,V

of open rational boxes contained in U such that K C | J”, V; and each V; is contained

in some U,,.

Note that the intersection U” = U N U’ of two admissible opens is again admissible.
Indeed, if K C UNU’, we can find V},...,V,, and V/,..., V, as in the definition. Then

Vl’]’ =V.N V] (1<i<m, 1< < n)are rational boxes, are contained in U”, and cover K.

Definition 5.1.2. A sheaf for the admissible topology on Q" is a functor’
Z : {admissible opens in Q" } — Sets

such that for every admissible cover U =, U, the sequence

ARSI N EACAES B EACAN) (.1)

a€l a,Bel

! Another joke [Gelfand] liked
to tell involved the wireless tele-
graph: “At the beginning of the
twentieth century, someone asks a
physicist at a party: can you ex-
plain how it works? The physicist
replies that it’s very simple. First,
you have to understand how the
ordinary, wired, telegraph works:
imagine a dog with its head in
London and its tail in Paris. You
pull the tail in Paris, and the dog
barks in London. The wireless
telegraph, says the physicist, is the
same thing, but without a dog.”
After recounting the joke and
waiting for the laughter to subside
(even from those people in the au-
dience who had heard it a thou-
sand times), Gelfand would pivot
to whatever math problem was be-
ing discussed. If he thought that
the solution of the problem re-
quired a radically new approach,
he would comment, “What I'm
trying to say is we need to do it
without a dog.”

E. Frenkel Love and Math

? This toy example is largely taken
from Brian Conrad’s lecture notes.

Convention: (4,b)q = (4,6)NQ
etc.

? Here we regard any poset C as a
category with morphisms
{+} fe<d

Home(c,c’) =
c(e:e) {@ otherwise.
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is exact.*

Recall some basic terminology: if U =, U, is an open cover, we say that F satisfies
the sheaf condition for {U, } ,; if (5.1) is exact. f U = J 5 Vg 1s another cover, we say that
{Vis} ey refines {U,} ¢ if every Vg is contained in some U, ; more precisely, if there exists
amap f: ] — I such that Vg C Uy g, for every S €].

Proposition 5.1.3. (@) Let G be a functor from the poset of closed rational boxes in Q" to sets
K,. Then 9 extends

which satisfies the sheaf condition for every finite covering K =\ J,_, K,

uniguely to a sheaf for the admissible topology on Q.

(b) If F is a sheaf on R (for the standard topology), then the functor associating to a closed
rational box K =T][a;, b;]q the value

Z([lab)=  lim

[a;,b;]1CUCR

Z(U)

satisfies the sheaf condition for every finite covering of a closed rational box by closed rational
boxes, and therefore by (a) it extends uniguely to a sheaf for the admissible topology on Q7,
denoted F .

(c) The association F — F defines an equivalence of categories
{sheaves on R} ~ {sheaves for the admissible topology on Q" }.

Proof. Onmitted, but see Problems 2 and 3 on Problem Set 4. O

In Appendix 5.A we will learn how to reconstruct certain topological spaces from their
category of sheaves. In particular, we shall obtain:

Corollary 5.1.4 (See Appendix 5.A). The space R” can be recovered from the category of
sheaves for the admissible topology on Q.

Example 5.1.5. (a) Every open subset U C Q is admissible.

(b) However, the covering of Q by all open rational intervals (2, &)q such that V2¢(a,b)
is not an admissible cover, since e.g. K = [0,1]q cannot be covered by finitely many
such intervals.

(©) The sheaf “skyscraper at /2,” defined as

§<U):{z ifv2eU

0 otherwise

defines a nonzero sheaf Z for the admissible topology on Q whose stalks at all points
in Q (defined in the obvious way) are zero.

(d) The following is an example of an inadmissible open in Q* (due to Zev Rosengarten):
U=Q*n ((O, V2)+{x> —|y|}> (see Figure 5.1).

In this case, the closed box K = [0,1] x [0,2] does not admit a finite cover by open
subsets contained in U.

*Here exact is another name for
an equalizer: the left map is injec-
tive and its image equals the set of
elements whose images by the two
parallel arrows are equal.

The consideration of values on
closed boxes is a bit artificial here.
In algebraic geometry and rigid
geometry, our basic opens (affine
or affinoid opens) will be quasi-
compact, and there will be no need
to consider the values of a sheaf on
closed sets.

(0.v2)

Figure 5.1.1: An inadmissible
open subset of Q2.
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5.2 Sites

Definition 5.2.1 (Site). A site is a category 6 in which every object ¢ € ob 6 is endowed
with a collection Cov ¢ of families of maps {c, — ¢} ,o;, called covering families, satisfying
the following axioms.

i. ISOMORPHISM)If ¢’ — ¢ isan isomorphism then the singleton {¢’ — ¢} isa covering
family of c,

ii. (PULLBACK)If{c, - c},.,
the fiber products ¢/, = ¢, X, ¢ exist and the family

is a covering family of ¢ and if ¢’ — ¢ is a morphism, then

{C; =0 Xc C/ - Cl}zze[

is a covering family of ¢’.

iii. (COMPOSITION)If {c, — ¢}, is a covering family of ¢ and for every o € I we have
a covering family {c, 5 — ¢, } g¢; of c,, then

{Caﬁ — C}ael,,ﬁe]q
is a covering family of c.

The basic example is of course the site Op X of opens in a topological space X, where
morphisms are inclusions U’ C U of open subsets, and where {U, C U} is a covering family
precisely when U =| J U,. Another one is provided by our toy example above: the category
of admissible opens in Q" where covering families are given by admissible covers. >

Note that axioms (i) and (ii) imply that an isomorphism ¢’ — ¢ induces a bijection be-
tween covering families of ¢ and of ¢’. By abuse of terminology, we shall use the notation
€ to refer to both the site and the underlying category. A safer way would be to give a
name such as 7 to the choice of Covc for every ¢ € C satisfying the above axioms (called
a Grothendieck (pre)topology on the category 6) and define a site as a category 6 with a
Grothendieck topology 7, denoted (6, 7). This is sometimes useful, e.g. if one considers

two sites with the same underlying category. ©

Definition 5.2.2 (Sheaf). Let 6 be a site. A sheaf on 6 is a contravariant functor
F: 6P — Sets

such that for every ¢ € ob 6 and every covering family {c, — c},.; the sequence

9(6)%1_[9(6(2):& 1_[ F(cy X Cp) (5.2)
a€l a,Bel
is exact (note that the fiber products ¢, x ¢ 13 exist thanks to axiom i1).
We denote by Sh 6 the category of sheaves on €, considered as a full subcategory of the
category of presheaves PSh 6 = Fun(6°P, Sets). We call Sh € the ropos associated to 6.

In general, a topos (plural: topoi) is a category which is equivalent to Sh 6 for some site €
(with no extra structure!). Different sites can give rise to equivalent topoi, and so a topos is
in a way a superior notion; we can regard a site as a particular presentation of the associated
topos, just as a metric on a topological space is a useful but non-canonical “presentation” of
its topology.

So far, to define sheaves and topoi, we only needed a part of axiom (ii), namely that
suitable fiber products exist. To see the other axioms in action, let us show that familiar
features of sheaf theory: refinement, (zeroth) Cech cohomology, and sheafification, work
in a similar way in a site 6.

> More examples of sites:

o The étale site of a scheme
X: the objects are étale mor-
phisms U — X, maps are
morphisms over X, and cov-
ers {U, — U} are families of
jointly surjective maps,

o Replacing érale with flat and lo-
cally finitely presented one ob-

tains the fppf site.

e For a group G, the category
of G-sets where covers are
jointly surjective families of G-
equivariant maps.

¢ The same happens in topology:
one uses a letter such as X to de-
note both a topological space and
the underlying set; if confusion is
possible, one writes (X, 7 ) for the
topological space.
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Definition 5.2.3 (Refinement). We say that a covering family {C/ﬁ — ¢} gg; refines a cover-
ing family {c, — c},c; of the same object ¢ if there exists a function ¢: ] — I and maps
Pg: C/ﬁ — ¢, fitting inside a commutative triangle

C u(B)

\/

This is an analog of the usual notion in topology: a cover U = J U, /é refines U = U, if
every Up is contained in some U,. The relation of refinement is clearly transitive. Further,
axioms (ii) and (iii) imply that every two covering families {c, — ¢},; and {c 5= }se
admit a common refinement, namely [14, Tag 00W6]

{ca xccﬂ—w} BIelx] -

Given a presheaf Z: 6°P — Setsand a covering family {c, — c} ., let us define #°(F,{c,})

|BELER N ELEAN

ael a,Bel

as the equalizer of

Thus 7 satisfies the sheaf condition for {c,} (meaning that (5.2) is exact) precisely when the

canonical map
w: F(c)— H%F,{c,})
is a bijection.
[14, Tag 00W7]
Lemma 5.2.4. Let F be a presheaf on € and let {c, — c} ;> {C,/B — ¢} gej be two covering

families of an object ¢ such that {c;j — c} refines {c, — c}
(@) Let ¢:] — 1 and ¢z: CI/B — ) be as in Definition 5.2.3. Then (¢,{¢g}) induces a map
HF (e,)— AT ().

0) Ifo':] —1, gol’g : CI/B = ¢, ) is another such datum, then the two induced maps A°(F ,{c,}) —

AT, {c;j}) are equal.
See [5, Lemma 4.3 /2]

(c) If F satisfies the sheaf condition for {C//3 — ¢}, and if the canonical maps
n: F(c,)— H%F, {c;j X €4} per)

are injective for all a € I (e.g. if F satisfies the sheaf condition also for {clﬁ X, Co = Coluer th
then it satisfies the sheaf condition for {c, — c}.

Proof. Left as exercise. O

Parts (a) and (b) imply that we have a canonical map
p: AT e, }) = AT {cp)).

Thus if we consider Cov ¢ as a partially ordered set with respect to the relation of refinement
(as we observed, this poset is cofiltering: every two elements have a common upper bound),
we can define the zeroth Cech cohomology as the colimit

AT )= lim AT ().

{c,}eCovc

Then ¢ — %0(9, ¢) is another presheaf on 6, denoted Z .


https://stacks.math.columbia.edu/tag/00W6
https://stacks.math.columbia.edu/tag/00W7
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Lemma 5.2.5 (Sheafification). For every presheaf F on 6, the presheaf (F )" is a sheaf.
The functor F — F* := (F )" is a left adjoint to the inclusion Sh6 C PSh6, called the

sheafification functor.

Proof sketch. Let us say that F is separated if for every cover {c, — c}, the canonical maps
n: F — HF,{c,}) are injective. One checks that:

1. For any presheaf .7, the presheaf Z* is separated.
2. If 7 is separated, then Z 7 is a sheaf.

Together, these imply that Z* is always a sheaf. Moreover, since if ¢ is a sheaf then the
canonical map ¢ — ¥7 is an isomorphism, we see using functoriality of Z — Z* that
every map & — ¢ from a presheaf Z to a sheaf ¢ factors through Z*. Uniqueness of this
factorization follows from the fact that every section of Z T locally comes from a section of
Z . This implies that F — F* is a left adjoint to the inclusion. O

Further, many other notions of sheaf theory: cohomology, continuous maps of sites
f:%6 — 6", push-forward and pull-back functors f.: Sh¢ — Sh6”’ and f*: Sh6’ —
Sh 6, and so on, exist and behave as one would expect.

Let us stop here the development of the general theory, referring the curious reader to
[16],[13],[1], or [ 14, Tag 0OUZ].

5.3 G-topologies

The admissible site of Q" defined in §5.1 is fairly concrete: its objects are simply subsets of
the set Q. In other words, admissible opens and covers define a G-topology in the sense of
the following definition.

Definition 5.3.1 (G-topology). A G-topology on aset X is a site whose underlying category
is a full subcategory of the poset of subsets of X, which is stable under intersections and such
that covering families are jointly surjective.

In other words, it is the data of a set 6 of subsets of X, called admissible opens, such that
the intersection of two admissible subsets is again admissible, and for each admissible open
U € 6, aclass of admissible covers {U,} ,.; where U= _ U, and U, € 6, such that the
following axioms are satisfied

ael

1. The cover {U} is an admissible cover for every U € 6.

ii. If U’ C U is an inclusion of admissible opens and if {U, } is an admissible cover of U,
then {U] = U, N U'} is an admissible cover of U’.

iii. If {U,},e; is an admissible cover of an admissible open U and if for every a € I,
{U,} sy, 1s an admissible cover of U,, then {U, 5},¢/ g 1s an admissible cover of
U.

A G-ropological space is a set X endowed with a G-topology. A map f:Y — X between

G-topological spaces is continuous if f~'(U) is an admissible open in Y for every admissi-

ble open U C X and if {f~}(U,)} is an admissible cover of f~}(U) whenever {U,} is an

admissible cover of U C X.

Example 5.3.2. Let X be a separated scheme, and take as admissible opens the set of all affine
open subsets U C X. Separatedness ensures that C is stable under pairwise intersection.
There are two variants of admissible covers:

[14, Tag 00WB], [ 14, Tag O0OWH]]

’ By convention, this is a functor
f~': %6’ — % in the opposite di-
rection. It is assumed to map cov-
ering families to covering families
and to preserve fiber products.
These conditions ensure that the
functor

(=)o f~1: PSh¢ — PSh ¢’

maps sheaves to sheaves, inducing
a functor

f.:Sh¢ —»Sh¥’.


https://stacks.math.columbia.edu/tag/00WB
https://stacks.math.columbia.edu/tag/00WH
https://stacks.math.columbia.edu/tag/00UZ
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e (STRONG) A covering {U,} ,¢; of an affine open U by affine opens U, is admissible if
U=_U,

e (WEAK) The same but with 7 finite.

Since every affine scheme is quasi-compact, both give rise to the same category of sheaves,
which is moreover equivalent to the category of sheaves on the topological space X.

In a G-topological space, we say that some property holds locally if it does so on the
members of an admissible covering.

Our goal in the next chapter will be to put a G-topology on the space of maximal ideals
of an affinoid K-algebra, as well as a structure sheaf. We will then glue such spaces to obtain
general rigid-analytic spaces. Gluing G-topologies is facilitated by the following properties:

Definition 5.3.3 (Completeness axioms). Let X be a G-topological space.
(0) We say that X satisfies axiom (G,) if  and X are admissible opens.

(1) We say that X satisfies axiom (G, ) if “admissibility of a subset is a local condition”: given
asubset V C U of an admissible open U, the set V is an admissible open if and only if
there exists an admissible cover {U, } of U such that U, NV is an admissible open for
all a.

(2) We say that X satisfies axiom (G,) if a covering of an admissible open V' by admissible
opens {V,} is admissible if it admits an admissible covering of V' as a refinement.

Remark 5.3.4. Consider the following condition (G3) “admissibility of a cover is a local
condition”: given an admissible open V' contained in an admissible open U and a family
{V}3} of admissible open subsets of V/, the family {V3} is an admissible cover of V' if and
only if there exists an admissible cover {U, } of U such that {U,NV/3} is an admissible cover
of U,NV for every a. Then (G,) = (G), and if the G-topology satisfies the additional
property that every cover of the form V =| J V, of an admissible open by admissible opens
such that V =V, for some « is admissible (that is, “split” covers are admissible), then also

(G)=(Gy).

If U is an admissible open of a G-topological space X, then the set of all admissible opens
V C X and the datum of all admissible covers consisting of such subsets forms a G-topology
on U, called the induced G-topology.

Proposition 5.3.5 (Gluing G-topologies). Let X be a set and let U, C X (o € I) be subsets of
X such that X =\ J U,. Suppose that

o cach U, is endowed with a G-topology satisfying axioms (G,), (G,), and (G,), and
e U,N Uy is an admissible open in both U, and Uy for every o, B € I, and
e the G-topologies on U, and Uy induce the same G-topology on U, N Up.

Then there exists a unique G-topology on X satisfying (G,), (G,), and (G,) for which the U,
are admissible opens, for which X =\ J U, is an admissible cover, and which induces the given
topology on each U,.

Proof- Condition (G,) imposes that V' C X is admissible if and only if V N U, is an ad-
missible open of U, for all a. Similarly, (G,) forces declaring {V3} an admissible cover of
V =JVyif {U,NVg} 5 is an admissible cover of U, NV (for the G-topology on U,) for
every a. This shows uniqueness, and we need to check that this defines a G-topology on X
with the desired properties. This is rather straightforward and we omit the proof. O

[5, Proposition 5.1/11]
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5.A  Sober ropological spaces

For a topological space X, let Op(X) be the poset of open subsets of X, ordered by in-

8 Can we recover X from Op(X)? Clearly not always, for example if X has the

clusion.
indiscrete topology (the only opens are X and §)) then Op(X) carries no information about
the cardinality of X. More generally, if X is not T, i.e. there exist two points x # x’ which
such that x € U <= x’ € U for every open U C X, then Op(X) and Op(X /(x ~ x')) are
isomorphic.

Even axiom T is not sufficient for the recovery of X for Op(X). For example, if X = A,
with the Zariski topology and X’ = X'\ {5} is the set of all closed points of X (1 is the generic
point), then Op(X) ~ Op(X’), since a non-empty U C X’ is open if and only if U U {n} is
open in X',

Recall that a closed subset Y C X of a topological space X is irreducible if it is not the
sum of two proper closed subsets. If Y = {y} for some point y € Y, we call y a generic point
of Y.

Definition 5.A.1 (Sober space). A topological space X is sober if every irreducible closed
subset Y C X has a unique generic point. We denote by Top***" C Top the full subcategory
of sober spaces.

Proposition 5.A.2. The inclusion functor Top**® C Top admits a left adjoint X — X*°,
the soberification.

Proof sketch. Let X be a topological space and let X*°° be the set of all irreducible closed sub-
sets of X; we have a natural map 7y : X — X% sending x to {x}. We endow X with the
topology in which asubset U C X*" open if there exists an open U° C X such that U equals
the set of irreducible subsets which intersect U°. This topology makes 7 : X — X*°® con-
tinuous. Moreover, the open subset U° is unique if it exists, so we have an order-preserving
bijection U «+— U° between opens in X and in X*°°.

The space X*°P is sober: if Z C X*° is an irreducible closed subset, write its complement
U = xob \ Z as the set of all closed irreducible Y C X which intersect some open U° C
X. Set W = X \ U®; it is easy to check that W is irreducible, and hence defines a point
[W]e X*P. One then checks that Z = {[ W]}, and that [ W] is the unique generic point of
Z. Details omitted.

If f: X — X' is continuous, and Y C X is closed and irreducible, then f(Y) C X' is
irreducible, and so is its closure £(Y). The map f5°P: X*°° — (X”)0 defined by Y s £(Y)
is continous. Moreover, the square

X/

S

Xsob (X/)sob
fsob

sober and a natural trans-

commutes. We have thus defined a functor X — X*°*: Top — Top
formation T which will serve as the unit of the adjunction.
Finally, we need to check that every map X — X’ with X’ sober factors uniquely through
X*°P, This is equivalent to saying that 7, : X — X*°® is a homeomorphism of X is sober.
The inverse maps [ Y] to the unique generic point 7 of Y; it is clearly an inverse bijection.

It is also continuous, since the preimage of {[Y] : Y N U° # 0} equals U°. O

Since 7y : X — X*°® induces a bijection on open subsets, we have Op(X) ~ Op(X*?) as
posets. Conversely, the construction of the space X*°® only depends on the poset Op(X).

8 The poset Op(X) is an example
of a locale: a poset in which the
supremum of every subset and the
infimum of every finite subset ex-
ists, and which satisfies the dis-
tributive law

inf{x,sup{a; };er} = sup{int{x,a; }};/-

Every locale forms a site where
{a; < a},cq forms a covering fam-
ily if 2 = sup{4;}, and hence gives
rise to a topos. For the locale
Op(X), this is the usual sheaf the-
ory on X.

See [9,02.1.(b)]
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Indeed, the set of closed irreducible subsets Y of X is in bijection ¥ «— X \ Y = U with
the set of open subsets U € Op(X) which are not equal to the intersection U; N U, of two
opens U, U, # U. Since U; N T}, is the largest element of the poset Op(X ) which is smaller
than both U, and U, the latter depends only on the order on Op(X). Summarizing:

Corollary 5.A.3. The soberification of a space X depends only on the poset Op(X), and the
poset Op(X) depends only on the soberification of X. For two spaces X and Y, there exists an
isomorphism of posets Op(X) ~ Op(Y') if and only if X*°P ~ Y*°b,

For a family {U,} of open subsets of a space X, the union U = | J U, is the smallest
element of the poset Op(X') which is larger than all U,. It follows that the topos Sh(X) (the
category of sheaves on X)) depends only on the poset Op(X). In particular, X and X*°* have
equivalent topoi.

It turns out that Op(X) — Sh(X) does not lose any information, namely:

Proposition 5.A.4. Let X be a sober topological space. Then X can be reconstructed from the
topos Sh(X).

Proof. Note that every topos 7' = Sh 6 admits a final object e, the sheaf whose value on
every ¢ € ob 6 is the singleton {x}. If T = Sh(X) for a topological space X, then e =
Homg,x)(—,X) is simply the sheaf represented by X, the final object of the site Op(X).

Ignoring potential set-theoretic difficulties, let us consider the set Op(7') of sub-objects
of e, i.e. isomorphism classes of objects v € ob T such that the unique morphism v — e isa
monomorphism. We endow Op(T') with the order where we declare v < o’ if there exists
a morphism v — v’

Suppose now that 7 = Sh(X) for a topological space X. If U C X is an open subset, then
the sheaf h;; = Homg,y)(—, U) is a sub-object of the final object Ay ; moreover, it V C U
then by, < b, so we get a morphism of posets

y: Op(X) = Op(7).

We claim that y is an isomorphism of posets. Indeed, if v is a sub-object of e, let U be the

union of all opens V' C X such that v(V) # (. Since every v(V) is a subset of {x} =e(V),

the sheaf condition implies that v(U) = {x}. By Yoneda’s lemma, this gives a map of sheaves

hy — v. This map is an isomorphism on stalks and hence is an isomorphism. This gives
the inverse to y, and we omit checking all the remaining details.

Finally, X*°® = X can be reconstructed from Op(X) ~ Op(Sh(X)) by Corollary 5.A.3.

O

We come back to our toy example at the beginning of the chapter:

Corollary 5.A.5. The space R can be reconstructed from the category Sh*™(Q") of sheaves
for the admissible topology on Q.

The same idea in rigid geometry recovers the adic spectrum SpaA of an affinoid K-algebra
A in the sense of Huber from the affinoid space (SpA = Max A, admissible topology), to be
defined next. Thus a good understanding of the points of SpaA allows one to get rid of the
G-topology in favor of usual topology.

See [9,02.7()].



6
The admuissible topology

Let A be an affinoid K-algebra. Our goal is to:
1. Equip SpA := MaxA with a G-topology called the admissible topology.

2. Construct a structure sheaf 0 on SpA (the sheaf condition is the subject of the Tate
Acyclicity Theorem).

3. This gives a locally ringed G-topological space (SpA, 0). We define a rigid-analytic space
over K as a locally ringed space (X, 0y ) which is locally (in the G-topology sense) iso-
morphic to (SpA, G5, 4 for some affinoid K-algebra A.

Before we proceed, recall that the results of Chapter 4 endow A with a topology induced
by an equivalence class of K-algebra norms. This allowed us to define the Taze algebra over A:

AlX,,... . X,)= {f: Z a, X" € A[[X]] : a, —» O0as|n| — oo}

neN”

In particular, for /', g € A, we can define the algebras

Af)=AX) /(X =), Alg™)=A{Y)/(gY —1).

Note that the image of f in A(f') is powerbounded, and A(f)) is universal with this property:
every ¢: A — B with ¢(f) € B° factors uniquely through A(f). The algebra A(g™') has a

similar property with respect to maps sending g to a unit whose inverse is powerbounded.

6.1 The canonical topology
Let A=K(X,,...,X,)/(fi,--,/.) be an affinoid K-algebra. Then Max A is identified with
{xeD"(K) : f.(x)=0}/Gal(K/K).

Endowing K with the metric topology, K" with the product topology, the set {fi(x) =
0,|x;| < 1} € K7 with the induced topology, and finally the above quotient by Galois ac-
tion with the quotient topology, we obtain a topology on Max A called canonical. A more
intrinsic (evidently independent of the presentation) definition is the following.

Definition 6.1.1. The canonical topology on Sp A is the topology generated by the subsets
X(f)={xeSpA:|f(x)| <1}, feA
Lemma 6.1.2. The following subsets of X = Sp A are open in the canonical topology:

(@) {|f(x)|Oc} forc>0and f €A, where D€ {<,<,=,>,>},
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@) {|f(x)| #0} for f € A (in particular, Zariski opens in Sp A are open),

) {If&<lgl #0} for frg €4, Wamning: U = {|f(x)] <|g(x)l} is
not always open, e.g. for g = ¢ f
@) fi5..., 1, g €A without a common zero, the subset (called a rational domain) we have U = {f(x) =0}.

x (L) o < g = 1)
g

Proof. (a) First, if ¢™ = |x| for some x € K* and m > 1, then {|f| < ¢} = X(x7'f™)
is open. Since the set § of such numbers is dense in (0, 00), this shows that {|f]| < ¢} =
UC,<C’C,€S{|f| < ¢’} is open for ¢ > 0.

For the rest, it suffices to treat U = {|f'| = ¢}. Let x € U;; first, suppose for simplicity that
a=f(x)€K. Setting g = f —a, we have x € {|g(y)| < ¢} C U, so U is open. In general,
let p(X)=3",4;X"~" € K[X] be the minimal (monic) polynomial of @ = f(x). Since
NP(p) is a segment (Lemma 2.5.2), we have |4;| < |a|' = ¢’ and |a, | = c”. Set g = p(f) €A
and V = {|g| < ¢"} (which is open); we have g(x) =0, so x € V. We check that V C U.
Indeed, we have

80V =F0) + 20 f OV +a, yEX,

so if |f(y)| > c, then the first term above dominates and |g(y)| = |[f (»)]” > ¢",soy ¢ V.
Similarly, if |/ (y)| < ¢, then the last term dominates and so |g(y)| = |a,,| = ¢*, and y ¢ V

again.

(b) Clear.

(c) Similar to the proof of (d).

(d)Let x e U=X(f,,...,f,/g); then ¢ :=|g(x)| > 0, otherwise f(x) =... = f,(x) =
g(x)=0.Let V={lg|=c,|fil <c,...,|f,| £ ¢}, then V is open by (a), x € V, and we have
U C V. Thus U is open. O

Definition 6.1.3. For f|,...,f, € A, the set

X(fis-- f)=X(f)N...0X(f,)
is called a Weierstrass domain. For f,...,f,,g;,..., g, €A, the set
X(fir-osfrogi e ) =A< Llgl 2 1)
is called a Laurent domain.
Lemma 6.1.4. For a homomorphism ¢: A — B between affinoid K-algebras, the induced map
¢:SpB—SpA
is continuous with respect to the canonical topology.
Proof. The preimage of X (f) is X (¢(f)). O

The following lemma says that X(f) is a basic example of an affinoid subdomain, to be
defined in the next section.

Lemma 6.1.5. Let f € A, and let A(f) = A(X) /(X — f). The map

SpA(f) — SpA

induced by A — A(f) is a homeomorphism onto the open set X(f'). Every map A — B such
that im(Sp B — SpA) C X (f) factors uniquely through A(f).
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Proof. We start with the last assertion. By the universal property of A(f), we need to show
that for a map ¢: A — B we have im(SpB — SpA) C X (/) if and only if ¢(f) € B is power-
bounded. But ¢(f) is powerbounded if and only if |¢(f)|,,, < 1 (Proposition 4.2.1(e)). The
latter is equivalent to |@(f)(x)| = |/ (¢(x))| < 1 for all x € Sp B, which means precisely that
p(x)e X (f) forall x € SpB.

The universal property applied to B a finite extension of K makes it clear that SpA(f) —
SpA is a bijection onto X (f).

It remains to show that ¢: SpA(f) — SpA is an open map. Since A is dense in A(f), for
g € A(f) we can find an b € A such that |g — ¢*(h)|,,, < 1. But then X(g) =X (h) and so

sup —
P(X(g)=X(f)NX(h)
is open in Sp A. O

The above lemma implies that the ring A(f) depends only on the open set X(f). An
iterated application of the lemma says even that for f,..., f, € A, the ring A(f,,..., f,) has
the same property with respect to X (f;,..., f,). Since the subsets X (f,,..., f,) form a basis
A for the canonical topology on X, we obtain a presheaf of rings

0%: BP —>Rings, O“X(fi,....[.)=A{f1>--, f,)-
As explained in §5, this presheaf gives rise to a sheaf of rings in the canonical topology
O0V°PPY : Op(X)°P — Rings,

called the sheaf of wobbly analytic functions (see §1.1). Its sections can locally be described as

elements of A(f) on opens of the form X (f). However, since X is typically disconnected,

@’wobbly

we will have (X) # A except in trivial cases.

6.2 Affinoid subdomains

Recall that if X = SpecA is an affine scheme and U = Spec A, C X is an affine open subset,
then for every ring B we have

Hom(A,,B)={f:A— B : im(SpecB — SpecA) C U}.
In other words, by Yoneda, the algebra A, is determined by the open set U. See Alex’s blog post:

Definition 6.2.1 (Affinoid subdomain). Let A be an affinoid K-algebra and let X = Sp A.
A subset U C X is an affinoid subdomain if the functor

by p: {affinoid K-algebras} — Sets,
B—{f:A—>B:im(f: SpB—SpA)C U}
is representable by an affinoid K-algebra A ;.

With the notation b, = Hom(A,—) for the (contravariant) Yoneda embedding, the func-
tor b,y equals b, and is a subfunctor of /4. The following easy claim follows formally
from the definition and the fact that the category of affinoid K-algebras admits amalgamated
coproducts (pushouts).

Lemma 6.2.2. The intersection of two affinoid subdomains is an affinoid subdomain.
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Proof. Let U,V C X be affinoid subdomains. Let
Apny =Ay®4A,  (completed tensor product, see §4.3).

We claim that Ay, represents the functor by 1. Indeed, this functor is equal to the fiber
product of functors

hay Xh, hay = hAU Xh, bAV'
Since Ay is the pushout of A;; « A — A, (Proposition 4.3.5), the latter functor equals
by, as desired. O

Proposition 6.2.3. Let U C X = SpA be an affinoid subdomain. Then U is open and the
map ¢: SpAy — SpA induced by A — Ay, is a homeomorphism onto U. Moreover, A, is flat
over A.

Proof Ifx € UandL=A/m_,then A— A/m, factors through A;;, showing that SpA, —
U is surjective. Further, A;;/m = A, ®, L is initial among affinoid L-algebras, i.e. L ~
Ay /m.. In other words, the fibers of SpA;; — SpA are single points, i.e. ¢ is injective and
we have

m -Ay=m, and A/m, :>AU/my,

where x = ¢(y). Moreover, replacing A/m_ with A/m” above, we can upgrade the latter
isomorphism to
Ajm? :>AU/m;l. forall » > 1.

Since A and A, are Noetherian and Jacobson, [ 14, Tag 0523] implies that A, is flat over A.
We will show that U is open, that is, that for every x € U there exists an /€ A such that
X(f)C U. In proving so, we may replace A with A(f) and A, with A, ® 4A(f) for any f
with |f(x)| < 1.
As an intermediate step, we show that after passing from X to X (/) for an appropriate
as above, the map A — A, becomes surjective. Suppose we know that A — A, is surjective,
with kernel 7. Then A/I?, a square zero extension of A;; = A/, satisfies

im(SpA/I* — SpA) =im(Sp A, — SpA)= U,

and hence A — A/I? factors through A — A/I. This forces I = I?; since A is Noetherian,

this implies that 7 = (e) for an idempotent e!, and e(x) = 1 since x € U. Passing to A{e™"), ! Easy commutative algebra exer-
cise: Show that a finitely generated

. . ideal 7 in a commutative ring A sat-
Let y,...,a, € Ay be atfinoid generators, i.e. powerbounded elements such that the isfying I = I? is generated by an

associated map element e € A such that e = ¢2.

AlX,,.. .. X)) > Ay, X, —aq

we obtain / =0, and hence A — A, is an isomorphism.

is surjective. We pick a residue norm |-| on A and consider the residue norm on A, induced
by the above presentation. If m, = (f,..., f,), then since A/m_ ~ A, /m A, there exist
ay...,a, €Aand ¢; €Ay such that

o;—pla;)= Zcijfj'
Since f;(x) = 0 for all 7, shrinking X we may assume that |a; — ¢(a;)| < 1. Similarly, since

|a;(x)| < 1, we have |a,(x)| < 1, and we may assume that |¢;| < 1. In particular, the 4; are
powerbounded. We conclude using the following lemma. O

Lemma 6.2.4. Let 9: A — B be a homomorphism between affinoid K-algebras. Suppose that
there exist affinoid generators by, ..., b, of B and powerbounded elements a,...,a, € A such
that

|b; — pla))l <1


https://stacks.math.columbia.edu/tag/0523
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with respect to the residue norm on B induced by K(X,,...,X,) — B, X; — b;. Then ¢ is
surjective.

Proof. Left as exercise. O
Lemma 6.2.5. An affinoid subdomain of an affinoid subdomain is an affinoid subdomain.
Proof. Straightforward. O
Proposition 6.2.6. Let X = SpA for an affinoid algebra A.

(a) EveryLaurent domain U =X(f,,...,f,, g ",-.., & ") C X isan affinoid subdomain with

Ay =AX e, X, Yo Y (X — frrg Y — 1),
(b) Every rational domain U =X (f,,...,[,/g) C X is an affinoid subdomain with
Ay =A(X,5. X)) [(fi — 8X))-

Proof. Let U and A, be as described as in (a) or (b), and let ¢: A — B be a homomorphism
such that im(SpB — SpA) C U. We need to show (1) that im(SpA;; — Sp(A)) € U and
that (2) ¢ factors uniquely through A — A;.

(1) Let vz A;; — L be a K-algebra homomorphism onto a finite extension L of K corre-
sponding to a point x € X. Then in (a), the images x; = 7(X;) = 7(f;) and y; = =(Y;) =
1/7(g;) are powerbounded in L, which forces |£;(X)| < 1 and g;(X) > 1. Similarly, in (b)
the images 7(X;) are powerbounded, which implies |f;(x)| < |g(x)| unless g(x) =0. But if
g(x) =0, then 0 = =(f; — gX;) = =(f;), so f; = 0 for all 7, contradicting the assumption
that f,,..., f,, g have no common zero in X.

(2,2) Let b; = ¢(f;). Since (Sp(B)) € U € X(f;), we have |b,|,,, < 1, so b; is power-
bounded and hence there exists a unique homomorphism «;: A(X;) — B sending X; to b,.
Similarly, if ¢; = ¢(g;), then ¢; € B* and 1/c; € B is powerbounded; indeed, ¢; does not
belong to any maximal ideal, and |c;[;,, = (inf 5, 5 |g].((p(x)|)_1 < 1. Therefore we obtain

sup —

aunique 3,;: A(Y;) — B with 8,(Y;) = c/._l. The tensor product
R, ®R) B, AlX,,....X,,Y,,...,Y,) > B
i j

factors uniquely through A, giving the desired factorization A;; — B.
(2, b) Left as exercise. O

The following rather difficult theorem (see [5, Corollary 4.2/12]) is often used as one of
the key steps in the proofs of facts about affinoid subdomains.

Theorem 6.2.7 (Gerritzen-Grauert). Every affinoid subdomain U C X is a finite union of
rational domains.

6.3 The admissible topology

Recall that every affine scheme is quasi-compact, meaning that every open cover in the
Zariski topology has a finite subcover. The basic feature of the admissible topology on ath-
noid spaces defined below is that it forces them (as well as their affinoid subdomains), to be
quasi-compact in the G-topology sense that every admissible cover admits a finite admissible
subcover.

Definition 6.3.1. Let X = Sp A for an affinoid K-algebra A.

Of course not every finite union
of rational domains is an affinoid
subdomain, just as the union of
two distinguished affine opens of a
scheme need not be affine.

Compare with Definition 5.1.1
in our toy example: open boxes
are replaced with affinoid subdo-
mains, and closed boxes with sets
of the form im(Sp B — X).
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(a) Anopensubset U C X is an admissible open if for every map of affinoid algebras A — B
such that W =im(SpB — X)) C U there exists a finite collection V,..., V., of affinoid
subdomains contained in U such that W € J V.

(b) A cover U=,
cover if for every map of affinoid algebras A — B such that W = im(SpB — X) C U

U, of an admissible open by admissible opens U, is an admissible

there exists a finite collection Vj,...,V, of affinoid subdomains contained in U such
that W C 7, V; and each V is contained in some U, .
Theorem 6.3.2. Let X =SpA for an affinoid K-algebra A.

(a) Admissible opens and admissible covers define a G-topology on SpA, called the (strong)
admissible topology.

(b) The admissible topology satisfies the completeness axioms (Gy), (G,), and (G,) of Defini-
tion 5.3.3.

(¢) Every functor
F :{affinoid subdomains of Sp A}°P — Sets

which satisfies the sheaf condition for finite covers of affinoid subdomains by affinoid subdo-

2 extends uniquely to a sheaf for the admissible topology on Sp A.

mains

Proof. This is completely formal, except for the fact that if W = im(SpB — X)) for some
A— Bandif U=SpA, CX is an affinoid subdomain, then W N U is of the same type as
W, namely

WNU=im(SpB, —X) where B, =B®,A,. O

Proposition 6.3.3. Finite Boolean combinations of sets of the type

{If(x)0c} (>0,0e{<,<,=>,>}), {f(x)#0}
are admissible.
Proof. See[4, Lemma9.1.4/6]. O

Example 6.3.4. (a) Every open subset U C D = SpK(X) for the canonical topology is
admissible.

(b) Not every finite cover by admissible opens is admissible, e.g.
D ={X|=1U{|X|<1}

is an inadmissible cover of D, = SpK(X). Indeed, otherwise {|X| < 1} would be a
finite union of affinoid subdomains, contradicting the maximum principle.

(¢) Not every covering of an affinoid subdomains by affinoid subdomains is admissible, e.g.

Dy ={|X|=1}uU U{|X|” <|¢|}, t pseudouniformizer.

n>1

(d) (“Skyscraper sheaf at the Gauss point”) Suppose for simplicity that K = K, so that D}, =
{x € K|x| < 1}. Let us call an open subset U C Dy, huge if it contains a non-empty
atfinoid subdomain of the form

{xeK:|x|<1,|x—a;|>p;}.

2Such an Z is often called a sheaf
for the weak admissible topology,
see e.g. [5, 2?].

Compare with Example 5.1.5!
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The presheaf on D}, defined by

Z if U is huge,

0 otherwise

<g’(U):{

is a nonzero sheaf for the admissible topology whose stalks at all points in D} are zero.

(e) For an example of an inadmissible open subset in D%, see Problem X on Problem Set
5.

6.4 The structure sheaf

The following key theorem will be proved in the next chapter.
Theorem 6.4.1 (Tate acyclicity). Let X = SpA for an affinoid K-algebra A. Then the functor
U — Ay : {affinoid subdomains of Sp A}°® — Rings
satisfies the sheaf condition for finite covers of affinoid subdomains by affinoid subdomains.
Combining this with Theorem 6.3.2(c), we obtain:

Corollary 6.4.2 (Structure sheaf on SpA). There is a unique sheaf for the admissible topology
Oy on X = Sp A such that for every affinoid subdomain U C X we have

We shall now briefly discuss the stalks of 0y. For a motivating example, consider the
point 0 € D} = SpK(X); the sets U, = {|X| < |¢|"} form a fundamental system of neigh-
borhoods of 0, and hence

. . X
Op :h_rr)l Oy(U,)=limK(X)( — ).

—> tn
This can be identified with the subring of K[[X ]| (which is the completion K (X) ) of K(X)
with respect to X) consisting of power series >.4, X" with positive radius of convergence,
Le. |a,| = O(p") for some p < co. Therefore we have strict inclusions

—

K<X>(X) c ﬁD}@x < K<X>(x) =K[X]].

The completion a)}( « of Opy , coincides with K[[X]].

Proposition 6.4.3. Let x € X = Sp A, corresponding to a maximal ideal m, C A. The stalk
Oy . is a Noetherian local ring with maximal ideal w - Oy, . The completion of Oy . coincides
with the m -adic completion of A.

Proof. We can write Oy , = li_l)nU Ay, the colimit taken over all affinoid subdomains U C X
containing x. The proof of Proposition 6.2.3 shows that for each such U, the ideal m - A,
is the maximal ideal of A;; corresponding to x € U =Sp A, and the map A — A, induces
isomorphism of m -adic completions. We thus have exact sequences

O—-mj-Ay >Ay; »>A/m, -0

and passing to the inductive limit over U yields Oy . /m;, - Oy , ~A/m;, for all s > 1. This
shows that the m_-adic completion of Oy | is also equal to the m_-adic completion of A.
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We will now show that Oy , is local. Let f € Oy \m, - O, we have to show f is
invertible. Now f is the image of some f € A, \m_-A. Find @ € K* and m > 1 such that
|[£ (x)|™ = |a|. Then V =SpA,{(a~'f™)~") is an affinoid subdomain neighborhood of x
contained in V and £ is invertible in A,. Thus f is invertible in Oy .

Finally we show that Oy . is Noetherian by a standard argument (used also e.g. in the
proof that the henselization of a Noetherian local ring is Noetherian [14, Tag 06L]]). Set
B=A,, andletuslook at the inclusions

BC 0y, CB.

We will show that B is faithfully flat over Oy . Indeed, since B coincides with the m-adic
completion of every A;; and each A, ii Noetherian, B is flat over every A;; and hence over
Ox . [14, Tag 05UU]. Since Ox,— Bisa local homomorphism, it is faithfully flat [14,
Tag OOHR . If now {/,} is an increasing sequence of ideals in Ox > then I, ®B = I, .Bis
stationary because B is Noetherian. But this implies that (7, ,/I,) ® B=0forn>>0,and

since B is faithfully flat over Oy, we see that I, , /I, =0, s0 {1, } is stationary (see [ 14, Tag
033E]). Thus Oy , is Noetherian. a

Definition 6.4.4. A G-topological space X satisfying axiom (G,) of Definition 5.3.3 is con-
nected if it does not admit an admissible cover of the form

X= <U Ua>U<U vlg>
ael Be]
Wlth Uae[ Ua #075 U,BG] Vﬂ and <Ua€I Ud)n(U,@E] V/@) :0

Remark 6.4.5. If X satisfies axioms (G,), (G,), and (G,) of Definition 5.3.3, then X is
connected if and only if it does not admit an admissible cover of the form X = U UV with

U#0#VandUNV =0.

Remark 6.4.6. Connectedness is a topos-theoretic notion. Namely, a topos 7 = Sh€
is connected if H(X,Z) = Z where Z is the constant sheaf on T with value Z. Then a
G-topological space X is connected if and only if its associated topos Sh X is connected.

Proposition 6.4.7. The affinoid space X = Sp A (endowed with the admissible topology) is

connected if and only if A does not have nontrivial idempotents.>

Proof. 1f e € A is a nontrivial idempotent, then X = V(e™")U V((1—e)™") is an admissible
cover, showing that X is not connected. Conversely, suppose that X = U UV is an admis-
sible cover with U # @ # V and U NV = (. The sheaf condition for this covering and the
structure sheaf 0y yields

A= 0x(X) = Ox(U) x Ox(V),

with both factors being nonzero rings. Then the element e € A corresponding to (1,0) €
Ox(U) x 0y4(V) is a nontrivial idempotent. O

Definition 6.4.8 (Rigid-analytic space). A rigid-analytic space over K is a locally G-ringed
space (X, Oy ) whose G-topology satisfies the completeness axioms (Gy), (G,), and (G,) of
Definition 5.3.3, and which admits an admissible cover X =| J, _; U, where each (U,, Ox |y, )
is isomorphic as a locally G-ringed space with (SpA,, 05, 4 ) for some K-affinoid algebra 4, .

’Le. if SpecA is connected.


https://stacks.math.columbia.edu/tag/06LJ
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6.A  Affinoid neighborhoods of Zariski closed subsets

The following result is easier to prove using other approaches to rigid geometry, such as
Berkovich theory or formal schemes (see [7, §5.2]). We will need it in one of the homework
problems.

A subset Y C X of X = SpA is Zariski closed if it is closed in the topology induced by
the inclusion X C SpecA. Equivalently, there exists an ideal I C A such that Y is the image
of SpA/I — X. As in algebraic geometry, there is an inclusion-reversing bijection between
Zariski closed subsets of X and radical ideals of A.

Theorem 6.A.1. Let X = SpA for an affinoid algebra A and let Y C X be a Zariski closed
subset cut out by anideal I = (f,,..., f,) CA. Let U C X be an affinoid subdomain containing
Y. Then there exists a ¢ > 0 such that U contains the open subset

{lIff(x)|<e,i=1,...,7}

Note that if Y = {f;(x) =0, i =1,..., 7} is a closed subset of a compact Hausdorff space
X cut out by continuous functions f,..., f,: X — R, then thesets {|f;(x)| < e, =1,...,7}
form a basis of open neighborhoods of Y in X.

Proof. Write U = SpAy;. We will work with the associated affinoid adic spaces X, U,
and Y%, We may assume that the f; are powerbounded. If

fi(fineens fy): X3 = (DR,

then Y4 = f=1(0). The map U* — X is an open immersion, and hence we treat U as
an open subset of X, Let W = X4\ U™, which is a closed subset of X% and hence it is
quasi-compact because X* is. Consider Z = f(W) C (D} )*, which is again quasi-compact
and does not contain the classical point 0. Since (D% )™ is a coherent valuative space, every
two points x,y without a common generization admit disjoint open neighborhoods [9, 0
2.3.18(2)]. Moreover, the rational opens

Uﬂ:{|Xi|§ [t”]i=1,...,7}

form a basis of open neighborhoods of 0. For every z € Z we find an open neighborhood
V, of z in (D} )*! and an integer 7, such that U, NV, =0. Since Z is quasi-compact, finitely
many of the V, cover Z, and then the intersection of the corresponding U, producesan n
such that U, NZ =f. Then f/~(U,) C U* and hence {x € X : |f;(x)| < |¢"|} C U. O

See [8, Exercise 4.1.8] for a com-
plicated proof without using adic
spaces, and [7, §5.2] for a proof
using Berkovich spaces.  The
proof presented here secretly uses
Berkovich spaces as well:  the
Berkovich space associated to X is
the universal separated quotient of
the valuative space X4,






7
Tate’s Acyclicity Theorem

Theorem 7.0.1 (Tate acyclicity). Let X = SpA for an affinoid K-algebra A and let X = U, U
...U U, be a finite covering of X by affinoid subdomains U, = Sp A,. Each finite intersection
U =0, U [ C{1,...,m})is an affinoid subdomain,

Uy =SpA; where A, .. :Ailé’A @A

[

Then the sequence

0—>A—>1_[Ai—>l_[Aij—>---—> l_[ A — - 7.1

i<j [I|=k+1
15 exact.

Here, (7.1) is the alternating augmented Cech complex of the presheaf U — A, defined
on affinoid subdomains U C X with respect to the covering X = U,U...UU, , with differen-
tials defined as alternating sums of the obvious restriction maps 8;: A; — A; for ] = TU{i}.
Thus Theorem 7.0.1 implies that U — A}, extends uniquely to a sheaf for the admissible
topology Oy on X, and that this sheaf has vanishing higher Cech cohomology. This is a
variant of the familiar assertion for affine schemes.

Outline of the proof. 1. An easy formal result (Lemma 7.2.2) shows that it is enough to
check the sheaf property after refining the covering.

2. By the Gerritzen-Grauert Theorem (Theorem 6.2.7), we therefore may assume that each

U, is a rational domain.
3. Refining the covering further, we may put it in the form of a “rational covering”
U=X(Uf, [ £i/f) i=mn
for some f,,..., f, without common zero.! (Lemma 7.2.2)
4. A further trick allows one to reduce to “Laurent coverings,” 1.e. coverings of the form
U=X(f{"s.../p"), ee{-1,1}".

By induction, it suffices to treat the case 7 = 1, i.e. coverings of the form X = X(f)U

X(f).

5. This is handled by a direct computation, see Proposition 7.1.1. O

!In this and the next step, the U;’s
and f;’s have nothing to do with
their values in the previous step.
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7.1 Proof of Tate Acyclicity (I): Basic case

The following special case of a covering X = {|f(x)| < 1}U{|f (x)| > 1} will be the key step
in the proof of Tate acyclicity.

Proposition 7.1.1. Let X = Sp A for an affinoid K-algebra A and let | € A. Then the sequence
0 A= A(f) x AUfT) = A(f, /) =0

Proof. By definition, we have

Alf) =AX) (X = 1),
AT =AY =) =AXT)/(fX 1),
Af T =AXY)X =, fY =) =AX, X ) /(X — f).

We first note that the sequence
0—=A —>A<X> XA(X_l) —>A<X,X_1> — 0.
(where A(X, X 1) = A(X,Y) /(XY —1)) is exact. Indeed, if

(§=>_a,X",h=> b X")€AX)x A(X")

n>0 n<0

then its image in A(X, X ") equals

a n>0

n

chX”, ¢, =1{—b, n<0
"<t ay—by, n=0.
This vanishes precisely if a, =0= 15, for n >0and ay = by =a € A, and then (g, ») is the
image of a. Exactness on the right is also clear.

The sequence in the assertion consists of the cokernels of the vertical arrows in the com-
mutative diagram:

0 (X — PAX) x (f X = DAX) —Z o (X — HAX, X~1) —— 0

| | |

0——>4 A(X) x AX ) AX, X —— 0

Once we check that the top arrow £ is an isomorphism, the diagram has exact rows, and
the snake lemma implies the required assertion. Injectivity of [ is clear: if (g,5) is in the
kernel, it has to be of the form (a,4) for a € A, and cannot lie in the product of the two
ideals unless 2 = 0.

For surjectivity, take

g=(X—f)b, h=> c,X"€AX,X™")

neZ

andset g =(X —1)>,50¢,X",

g =g —g=(f—X)D X" =(fX'=1)>c, X"

n<0 n<0

Clearly gt € (X — /HA(X), gl e (f X' —1A(X™'), and g is the image of (g7, ¢g™). O
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Corollary 7.1.2. Let f,,...,f, €A, and for ¢ € {—1,1}", let

AV =AY f).

Then the sequence

O—)A—>1T[A<f5>—>l_[A(f5,fT>—>---
1s exact.

Above, the complex

Ay =T TAU /) = 7.2)

is the total complex of the completed tensor product (over A) of two-term complexes

n

QAL < AU = Al L]

i=1

Since the terms of these complexes are flat over A, Proposition 7.1.1 implies Corollary 7.1.2.
Note that (7.2) is the Cech complex for the covering X = U, X (%), and so Corollary 7.1.2
implies that the assertion of Theorem 7.0.1 holds for such coverings (called Laurent cover-
ings in the literature).

7.2 Proof of Tate Acyclicity (II): Rational coverings

Definition 7.2.1. Let f,,..., f, € A be elements generating the unit ideal. The associated
rational covering is the covering of X = Sp A by the rational domains

ZJi:X(%):uf,—(x»s|ﬁ<x>|,f7éz'}, i=0,..m.

We have U, = Sp A, where?

A; :A<Xij’ J# i)/(f/ _Xijfi’ JF# i)

Lemma 7.2.2. Every finite covering of X = SpA by affinoid subdomains admits a rational
covering as a refinement.

Proof. By the Gerritzen-Grauert Theorem (Theorem 6.2.7), every affinoid subdomain is
a finite union of rational domains. It therefore suffices to show that every finite covering
X = U, U...UU, by rational domains is refined by a rational covering. Write

fisesfin

R

where f,,..., f; do not have a common zero for every i. Define
I={¢p:{1,...,n} > {0,...,N} : 3,0(1) =0},
and for ¢ €1 set

n
8 = l_llfw(i) = fro) -+ Fagtny:
1=

We claim that {g,},c; do not have a common zero and that the rational covering {V, }

pel pel

ey

For the first claim, let x € X. Since the U, cover X, we have x € Uio for some 1y, and in
particular f; 4(x) # 0; we set ¢(iy) = 0. For every i # iy, since the f;; (7 =0, ..., N) generate

?Recall that if I = (f;,...,f,,) CA
isa finitely generated ideal of a ring
A cutting out a closed subscheme

Y =V(I) S X =SpecA,

then the blow-up X’ = Bl X is
covered by the open affines

U; =SpecA[{X; : j # })/(/i=X, /3)-

Thus a rational covering can be
thought of as the covering induced
by the blow-up in the unit ideal
A=fyfrseir f.) of X =SpA.
This perspective will become very
important when we study formal
models in §REF.
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the unit ideal, there exists a j such that £ :(x) # 0; we set ¢(i) = any such ;. This defines a
¢ €1 such that g,(x) #0.

For the second claim, let ¢ € I. By definition, we have ¢(z,) = 0 for some 7y; we claim
that V,, C U, . Let x € V,, we need to prove that for every j = 1,...,N we have |£, ;(x)| <
|f;,0(x | Since the U, cover X, we have x € U, for some 7;, and in partlcular

i () < 1 o(x) £0. (7.3)

If 7, = i, then we are done, so suppose 7; # 1,. We set

1 =14

Since x € U, we have [g,(x)| <|g,(x)| # 0. Diving out the terms with i # 1y, ; yields

i GOl oGO < Ui oGOl Uiy (%))

Dividing out (7.3) yields | f; ;(x)| < [f; o(x)], as desired. O

7.3 Proof of Tate Acyclicity (II1): Conclusion

Let us call a covering X = | J/_, U; by affinoid subdomains acyclic if for every affinoid
subdomain W C X, the augmented alternating Cech complex for the presheaf U — A,
with respect to the induced covering W = J, WN U, i.c.

0—Ay — l_IAWﬂU - I_IAWnU

1<j
1s exact.

Lemma 7.3.1. Suppose that a covering X = V,U...UV by affinoid subdomains refines
a covering X = Uy U...U U, by affinoid subdomains and that X = JV; is acyclic. Then
X =\ U is acyclic as well.

Proof. This is formal, see [4, Corollary 8.1.4/3]. O

Combining this with Lemma 7.2.2, we obtain:
Corollary 7.3.2. It is enough to prove Theorem 7.0.1 for rational coverings.
Lemma 7.3.3. Given a covering X = U, U...U U, by affinoid subdomains and [ € A,

suppose that the assertion of the theorem holds for the induced coverings of X (f), X(f '), and
X(f,f7Y). Then the assertion of the theorem holds for X = U, U...U U,
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Proof. Write A; =A and A;; = Ayny, = AiéAAj. We have a commutative diagram

0 0 0

0 A LA Hi,inj -

0 ——A(f) x A(f") —=TLA) x A () —TI1L,;4;{) XAi]'(f_1> —

0o——A(f,f)

TLAAS S

Hi,inj(f,fA) —

0 0 0

whose columns are exact by Proposition 7.1.1, and rows 2. and 3. are exact by assumption.
Treating this as a short exact sequence of complexes, the long exact sequence of cohomology
implies that the top row is exact. O

Proof of Theorem 7.0.1. By Corollary 7.3.2, it is enough to consider rational coverings X =
\U._, U defined by f,...,f, € A. We proceed by induction on 7, and for a fixed 7 by
induction on the number of indices 7 such that £, is a non-unit.

If fy,...,f, are all units, then the covering is refined by the Laurent covering defined
by the functions g;; = £,/f; (i,j = 0,...,n), and we conclude by Corollary 7.1.2 and
Lemma 7.3.1.

Suppose that £, is a non-unit. Since the f; do not have a common zero, the number
¢ = inf,_y max; | /;(x)| is positive, and we fix an N such that [tV]| < c. Set f = £, /¢" and
consider the covering X = X(f)UX(f~!). The induced covering of X (f) is the rational
covering defined by the restrictions of f,,..., f,_; (which do not have a common zero on
X(f)as X(f)N U, =0). By induction assumption, the assertion ot the theorem is satisfied
for the induced covering of X(f). On X(f~') and X(f, f~1), the function £, becomes a
unit, and hence the induced coverings satisfy the assertion ot the theorem by induction
assumption. We conclude by Lemma 7.3.3. O






8
Rigid-analytic spaces

In this chapter, we define and study the basic properties of rigid-analytic spaces. This will be
largely parallel to the basics of scheme theory: fiber products, coherent sheaves, line bundles
and divisors, flat and smooth morphisms etc. work basically in the same way. There are
however some important differences, notably the lack of a theory of quasi-coherent sheaves,
and a rather complicated definition of a proper morphism. The analogy with scheme theory
is amplified by the existence of the analytification functor from schemes locally of finite type
over K to rigid-analytic spaces over K.

8.1 The category of rigid-analytic spaces

By definition, a scheme is locally ringed space which is locally of the form Spec A for a ring A.
In rigid geometry, the situation is similar, but one uses the G-topology in place of ordinary
topology. The completeness axioms (G,), (G, ), and (G,) of Definition 5.3.3 are imposed to
facilitate the gluing.

Definition 8.1.1. A locally ringed G-topological space is a pair (X, Oy) of a G-topological
space X and a sheaf of rings Oy on X whose stalks O , (x € X) are local rings. A morphism
of locally ringed G-topological spaces f: (Y, 0;) — (X, Oy) consists of a continuous (see
Definition 5.3.1) map of G-topological spaces f: Y — X and a map of sheaves of rings
[*: Ox — f.0y such that for every y € Y, the induced homomorphism f*: Oy r(,) — Oy,
is local.

As in the case of schemes, we will often write X in place of (X, Oy ).

Proposition 8.1.2. (a) For every affinoid K-algebra A, the pair (X = SpA, Oy) is a locally
ringed G-topological space, called an affinoid space over K. It satisfies the completeness
axioms (G,), (G;), and (G,) of Definition 5.3.3.

(b) For every homomorphism ¢: A — B of affinoid K-algebras, the induced map SpA — Sp B
is a morphism of locally ringed G-topological spaces.

(c) The association A — Sp A defines an equivalence of categories
Sp: {affinoid K-algebrasy = {affinoid spaces over K}

where the target category is considered as a full subcategory of the slice category of locally
ringed G-spaces over the object SpK.

Proof. Parts (a) and (b) follow from the results of §6.4. For (c), we show that X — I'(X, 0y )
is a quasi-inverse functor. Indeed, we have I'(SpA, O, ,) = A by definition of the structure
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sheaf, and for f: A — B inducing a map SpB — SpA, the induced map I'(SpA4, G, 4) —
I(SpB, Os, ) equals f. It remains to show that if two morphisms ¢, ¢: SpB — SpA (of
locally ringed G-spaces over K) induce the same morphism ¢* = ¢*: A — B, then ¢ = ¢.
We first show that ¢ and ¢ induce the same map of underlying sets. Let y € Sp B be a point
and let m, C B be the corresponding maximal ideal.

We claim that ¢(y) € SpA corresponds to the maximal ideal (¢*)™! (m, ). Indeed, we have
a commutative square

e

A———8B

]

Tsp1,90) o o1,y

in which the bottom map is a local homomorphism. Moreover, the maximal ideal of Osp 4, o)
(resp. Os,.,) s My Og g oy (tesp. M - O3 ) and the induced maps

A/msﬂ(y> - ﬁSPA#’(y)/mf/’(y) ) 05PA»<#(J’) and B/my - ﬁSpB,y/my ) ﬁSpB,y

are isomorphisms. It follows that ¢* maps m,,) into m,. Consequently, (ga*)_l(my) con-
tains m,,, and hence they are equal because m,,,) is maximal. This proves the claim, and
since the same is true for ¢ we deduce that ¢(y) = ¢(y).

Finally, we compare the maps induced by ¢ and ¢ on the structure sheaves. Let U =
SpA, C SpA be an affinoid subdomain, and let V = ¢~ (U) = ¢~ (U) C SpB be its
preimage, which is an affinoid subdomain of Sp B. Let & : Sp B, — Sp A be the map induced
by A — B — B, where the first map is ¢* = ¢*. Since the image of §: V =SpB, — SpA
is contained in U, by definition of an affinoid subdomain there exists a unique A-algebra
homomorphism f: A, — By, factoring 8*. Since ¢*: A;; — B, and *: A, — By, are two
such homomorphism, they must be equal. O

Definition 8.1.3. A rigid-analytic space over K is a locally ringed G-topological space over
Sp K whose topology satisfies completeness axioms (G,), (G,), and (G,) of Definition 5.3.3
which admits an admissible cover X = | JU; where each (U, Ox|y) is an affinoid space
over K.

Remark 8.1.4 (Gluing). By definition, a rigid-analytic space is constructed from affinoid
spaces by gluing. To make this precise, suppose that we are given rigid-analytic spaces X,
(a € 1), and for every a, B € I admissible open subspaces X.p € X, such that X,, = X,
together with isomorphisms

a =

X D Xaﬁ ¢—a; Xﬁa C Xﬁ
such that ¢, 5094, =id, ¢,, = id, and that ¢, 5 identifies X, s N X, with X5, N X for
every , B,y € I. In addition, we assume that the triangles

Pap
X,;NX,, X5, NXg,

Pay Prs
X},a me@

commute. Then there exists a unique rigid-analytic space X admitting an admissible cover
X =JX, with X5 =X,NXg.

Similarly, if X = (JX, is an admissible cover of a rigid-analytic space X and if Y is a
rigid-analytic space, then given morphisms f,: X, — Y such that f, = fz on X, N X, there
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exists a unique morphism f: X — Y such that f|y = f,. In other words, the functor
U — Hom(U,Y) is a sheaf for the admissible topology on X.

The last remark implies that for Y = Sp B affinoid, the equivalence of categories from
Proposition 8.1.2(c) implies that we have a functorial isomorphism

Hom(X,SpB) ~Homg(B, Oy (X)).

If 0y (X)) was always an affinoid K-algebra, this would mean that X — 0y (X) is a left ad-
joint to B — SpB (as in the case of schemes). However, this is not always the case, see
Example 8.3.1.

Proposition 8.1.5. The category of rigid-analytic spaces over K admiats fiber products.

Proof. This s entirely similar to the proof for schemes [10,113.3]: if X =SpAand Y =SpB
are affinoid spaces over an affinoid space S = SpR, then X x; Y = SpA®;B. In general,
given maps f: X — Sand g: Y — S in Rigy, find an admissible cover § = J §; by affinoids
and for each 7, admissible affinoid covers f~!(S;) = Ujejl X, and g7'(S;) = UkeKl» Y. Set
Z;jp = X,; Xg, Y3, which exists by previous considerations. Then glue these together to
form the desired fiber product Z =X x¢ Y (details omitted). O

8.2 Coberent sheaves
Every A-module M defines a presheaf on affinoid subdomains U C X = Sp A as follows:
U —» My=A;0,M.

Corollary 8.2.1. In the situation of Theorem 7.0.1, let M be an A-module and set M; = My, =
Ay, ®, M. Then the sequence

oMM -] M=~ T] M-
i i<j |T|=Fk+1
1s exact.

Proof. Follows from Theorem 7.0.1 since the A, are flat over A (Proposition 6.2.3). O

Again, this means that M defines a sheaf of @y -modules M = M ® 0y on X, and that this
sheaf has vanishing higher Cech cohomology.

Proposition 8.2.2. Let F be a sheaf of Oy -modules on a rigid-analytic space X. The following
conditions are equivalent:

1. There exists an admissible affinoid cover X = | JU,, U, = SpA, and finitely generated
modules M, over A, such that F; ~ M, for every a.

2. For every admissible affinoid cover X =|_JU,, U, = SpA, and finitely generated modules
M, over A, such that F; ~ M, for every a.

3. Thesheaf F is finitely presented: there exists an admissible cover X =| | U, and short exact

sequences
n m
— — —
o; — 05 Z| u, =0

Proof. See [5, Corollary 6.1/5]. O

Definition 8.2.3. A sheaf of 0y -modules on a rigid-analytic space X is coberent if the equiv-
alent conditions of Proposition 8.2.2 hold.
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Proposition 8.2.4. TODO: Standard properties of the category of coberent sheaves, computing
cohomology on an affinoid covering.

Example 8.2.5. TODO: Line bundles and Pic
Example 8.2.6. TODO: Differentials

Remark 8.2.7. TODO: Explain why quasi-coherent sheaves do not work.

8.3 Examples

Example 8.3.1. Let X be a rigid-analytic space and let U C X be an admissible open subset.
Then (U, Oy|) is a rigid analytic space. Indeed, the collection of all affinoid subdomains
of X contained in U forms an admissible cover of U.
For example, the open unit disc D° = {|X| < 1} € D = SpK(X) is a rigid-analytic space
with
D° = (X< ¢}
n>1

as one possible affinoid cover. We have
o . Xn n n
I(D% Op.)=lim K X,T :{f:ZanX eK[X] : |a,lp —>Of0reveryp<1}.

This is not an affinoid K-algebra, for example the element X does not satisfy the maximum
principle.

Example 8.3.2. The functors represented by the closed disc D and the open disc D° have
simple descriptions. Note that if X is a rigid-analytic space and x € X, then for f € Oy | the
expression | f (x)| makes sense. We define 0% C Oy to be the subsheaf of elements such that
|/ (x)| < 1 at all points, and 0%° C 0% to be defined by |f(x)| < 1. Then we have functorial

isomorphisms
Hom(X,D)~T(X,05) and Hom(X,D°)~T9X,0y°).

Example 8.3.3 (Affine line). To go beyond admissible opens inside affinoids, let us define
the rigid affine line A}ém as the union of discs of larger and larger radii. Formally, fix a
pseudouniformizer ¢ € K and define D, =SpK(X,) (» > 1) and maps

j.:D,—D InXpp1 =tX,.

n+12

The map j, identifies D, with the affinoid subdomain

Xn+1
Dn+1(Xn+1/t>:SpK X1 ; €D,

and hence if we regard D, as the unit disc with coordinate X, we can regard D, as the
disc with radius |¢|7”. We define A}éa" as the increasing union Un21Dn along the open
immersions j, (or taking the inductive limit in locally ringed G-topological spaces): an
subset U C A}f” is an admissible open if and only if UND,, is an admissible open for every
n, and similarly for admissible covers.

The functions x,, = t"X, satisty 7 x, ; = x,, and hence define a global section X €
[(A1, Oy ... ) whose restriction to the unit disc D; = D isthe coordinate X; = X. Lemma 8.3.4
below states that A together with the function X represent the functor Y — I(Y, Oy).

In particular, the result of the ad hoc construction using a particular sequence of discs does
not depend on the choice of the pseudouniformizer ¢.
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Lemma 8.3.4. The association ¢ — ¢*X defines an isomorphism of functors Rig, — Sets:
Hom(Y,A"™) 5 I(Y, 0,).

Proof. For a fixed Y € Rigy, both U — Hom(U,A"™) and U — I'(U, 0,) are sheaves for
the admissible topology on Y. It therefore suffices to prove the assertion for Y = SpA an
affinoid space.

To show surjectivity, let f € A = I(Y, 0y ), and let n > 1 be such that |f],, < [¢[™".
Then t”f € A° defines a map
@:Y - D, s Ab™
with ¢*X, =" f, and hence ¢p*X = f.
To show injectivity, suppose that ¢, J: Y — Al satisfy ¢*X = ¢*X. O

Example 8.3.5 (Affine space). Similarly, the r-fold product A = (A™")" = J D;,
called the rigid affine r-space over K, represents the functor

Y —»T(Y,0,).

8.4 The analytification functor

Let us start by recalling the complex analytification functor. To a scheme locally of finite
type X over C one can functorially attach a complex analytic space X*". Its underlying set
is the set X(C) of C-points (equivalently, closed points) of X, but it is equipped with the
“analytic” topology deduced from the Archimedean metric on C. Being a complex analytic
space, it is endowed with a sheaf Oy.. of holomorphic functions. In case X C A” is affine,
X = X(C)C A*(C) = C” with the induced topology from the metric topology on C”; if
Oc, is the sheaf of holomorphic functions on C”, then Oy., is the restriction to X" of the
sheaf of rings Iy - Og,, where I, C C[x,,...,x,] is the ideal of X. In general, to construct
X one takes an affine open cover X =|_J U, and glues together the complex analytic spaces
U constructed previously.

More intrinsically, X*" comes with a morphism of locally ringed spaces ¢: X** — X
which is final among all maps from complex analytic spaces to X: if Y is a complex analytic
space and f: Y — X is a C-linear map of locally ringed spaces, then f = ¢ o f for a unique
map of complex analytic spaces Y — X, Then X — X*" is obviously a functor, and famil-
iar notions are transfered through it: X is connected/reduced/smooth/separated/proper
etc. if and only if X*" is connected/reduced/smooth/Hausdorff/compact. If Z is a coher-
ent sheaf (resp. alocally free sheaf) on X, then Z*" := ¢*.Z is a coherent analytic sheaf (resp.
a vector bundle) on X**. Further, one has (Q} )™ ~ Q]

Xan>
differentials is identified with holomorphic differentials.

L.e. the analytification of Kihler

If X is proper, then one can say a bit more. Serre’s GAGA theorem states that the ana-
lytification functor on coherent sheaves

F — F*: CohX — CohX™
is an equivalence. Further, the induced maps on sheaf cohomology
e HI(X,F)—> HI(X",Z")

are isomorphisms for all # € CohX and all ¢ > 0. If Y is another proper scheme over C,
then the analytification map

[~ f*: Homg(Y,X)— Hom(Y*", X*")
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is a bijection. (One can deduce this from the equivalence for coherent sheaves by looking
at the structure sheaf of the graph of a map Y*" — X treated as a coherent sheaf on
(X xY)™)

The goal of this section is to describe an entirely analogous program over a non-Archimedean
field K. We will come back to the GAGA theorems after we define proper morphisms of
rigid-analytic spaces in §8.7 below. To simplify the notation a little bit, let us denote by
(S for spaces) the category of locally ringed G-topological spaces over the one-point space
SpK = SpecK (in other words, the structure sheaves of rings are sheaves of K-algebras,
and homomorphisms are K-algebra homomorphisms). By definition, the category Rigy of
rigid-analytic spaces over K is a full subcategory of .. Since every topological space can be
regarded as a G-topological space, the category Schy of schemes locally of finite type over
K is a full subcategory of & as well.

Definition 8.4.1. The analytification of a scheme X € Schy is a rigid-analytic space X*"
which represents the functor

Y — Hom (Y, X): Rigy? — Sets.

In other words, X** € Rigy is endowed with a morphism ¢: X* — X in the category
& such that every morphism Y — X in the category . with Y € Rig, factors uniquely
through e.

Lemma 8.4.2. If X € Schy is affine, then the analytification X*" exists.

Proof. Write X =SpecR, R =K[X,,....,X, ]/(fi,--,f;)- Let A= A" = (A}éan)’ be the
r-dimensional rigid-analytic affine space over K, as defined in Example 8.3.5. If X|,..., X, €
I'(A, 0y) are its coordinates, then by Lemma 8.3.4, giving a morphism ¢: ¥ — A is equiva-
lent to specifying ¢*X,,...,¢*X, € I(Y, 0y ). The ideal generators f,,..., f;, being poly-
nomials in the X, can be treated as elements of I'(A, 0y ) as well. We set X** C A to
be the closed rigid-analytic subspace cut out by £,...,f,. More precisely, if A = D]
where D, is the disc of radius ||~ as in Example 8.3.3, then X = | JX2* where X" =
Sp0d(D,)/(fs---»/,)- Then a morphism ¥ — A in Rigy factors (uniquely) through the
closed immersion X*" — A if and only if ¢*(f;) = O for all ;. In other words, X*" represents
the functor
Y — Homy(R,I(Y, Oy)): Rigy¥ — Sets.

It remains to show that Homg (R,T(Y, 0y )) ~ Hom (Y, X). This is shown analogously to
Proposition 8.1.2(c). (TODO) O

Lemma 8.4.3. Let X € Schy be an affine scheme and let U C X be an open subscheme. Let
ex: X™ — X be the analytification of X, which exists by the previous lemma. Then ¢3,'(U) C

X is an admissible open subset and ¢ ¢ (U) — U is an analytification of U.
Proposition 8.4.4. Every X € Schy admits an analytification.

Proof. Let X =|_JX; beaZariski open cover by affines. Then the X" exist by Lemma 8.4.2.
By Lemma 8.4.3, so do the (X; N X;)*, and X; C X, < X; induces an open immersion
(X; NX, )" < X;. By Remark 8.1.4, we can construct a rigid-analytic space X*" by gluing
the X; along the identifications

XD (X, NX,)™ C X

Thus, giving a morphism Y — X* is equivalent to giving an admissible open cover Y =
\JY; and maps f;: Y; — X such that ... . It follows that X** — X is an analytification of

1

X. O
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Example 8.4.5 (Rigid projective space). Let PP be the analytification of P. By construc-
tion, P”*" admits an admissible cover by 7 + 1 copies U, - , U, of the rigid-analytic affine
n-space A"

U ={x; #0} = <SPCCK[Xi/ |/ # i])
where X;; = x;/x; in homogeneous coordinates. A more economic choice is the finite
affinoid cover by the polydiscs

Vi ={lxj| <lxil, j # i} =SpK(X;; ] #1) S U

It is straightforward to check that the functor of points of Pi*" is as in the scheme case: maps
Y — P in Rigy correspond to isomorphism classes of 0y-module surjections 0)'+" — L
where L is an invertible sheaf on Y, up to isomorphism of objects under 07",

8.5  Properties of morphisms of rigid-analytic spaces
Definition 8.5.1. Let f: Y — X be a morphism in Rigy.

(2) The morphism f is finite if for every map from an affinoid space SpA — X, the base
change Y Xy SpA is isomorphic over SpA to some Sp B where A — B is finite.

(b) The morphism f is a closed immersion if for every map from an affinoid space SpA —
X, the base change Y x SpA is isomorphic over SpA to some SpB where A — B is
surjective.

(¢) The morphism f is an open immersion if f induces an isomorphism between Y an an
admissible open subspace of X.

(d) (Locally closed immersion?)

Remark 8.5.2. 1. A morphism f: Y — X is finite (resp. a closed immersion) if and only if
there exists an admissible affinoid cover X =|_JSp A, such that for every 7, the preimage
Y, = f7!(SpA4,;) is affinoid and the map A; — B, = 0y (Y;) is finite (resp. surjective).

2. Closed immersions are finite morphisms.

3. The category of finite morphisms ¥ — X with X fixed is equivalent to the opposite
category of the category of coherent O -algebras. Similarly, Closed immersions ¥ — X
correspond bijectively to coherent sheaves of ideals I C 0.

4. Warning: there exist morphisms which are bijective on points and isomorphisms locally
on the source but which are not open immersions (see Problem 2 on Problem Set 6).

Definition 8.5.3. Let /: Y — X be a morphism in Rigy.

(a) The morphism f is guasi-compact if the preimage of every quasi-compact (see Defini-
tion REF) open subset of X is quasi-compact.

(b) The morphism [ is quasi-separated (resp. separated) if the diagonal morphism A: Y —
Y Xy Y is quasi-compact (resp. a closed immersion).

(c) Incase X =Sp X, we simply say that Y (rather than /) is quasi-separated or separated.

Remark 8.5.4. 1. Every map between affinoids is quasi-compact and separated. A mor-
phism f: Y — X is quasi-compact if and only if the preimage of an affinoid open is a
finite union of affinoid opens. A rigid space X is quasi-separated if and only if the inter-
section of two affinoid opens is a finite union of affinoid opens.
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2. Finite morphisms are quasi-compact and separated. Consequently, separated maps are
quasi-separated.

3. If X is separated then the intersection of two affinoid opens U,V C X is an affinoid
open. Indeed, the diagonal UNV — U x V is a closed immersion and U x V is affinoid,
forcing U NV to be affinoid as well.

4. For an example of non-separated or non-quasi-separated rigid spaces, see Exercise 4 on
Problem Set 6.

Definition 8.5.5. Let /: Y — X be a morphism in Rigy.

(@) Themorphism f is flat if the induced homomorphisms of local rings f*: O ¢,y — Oy,
are flat ring homomorphisms.

(b) The morphism f is unramified if the induced homomorphisms f*: Oy 7(y) — Oy, are
unramified, i.e. Oy, /my ) - Oy, is a finite separable field extension of Oy (.

(¢) The morphism f is étale if it is flat and unramified.

(d) The morphism f is smooth if it locally factors as Y — X x D" — X for some r > 0,
where D =Sp K(X) is the unit disc and where Y — X x D" is étale.

Remark 8.5.6. TODO: Standard facts, e.g. smooth = flat + Q, /x locally free.

8.6 Change of base freld

Let K C K’ be an extension of non-Archimedean fields: that is, the norm on K’ restricts
to the norm on K. Of particular interest are finite extensions, or K’ being a completed
algebraic closure of K (see Theorem 2.5.4), or a spherical completion of such (see []). We
shall define a base change functor

(—)g : Rigg — Rigy, .
(TODO, to be completed after HW 7 submission deadline.)

8.7  Proper morphisms

As in scheme theory or complex geometry, one has a notion of proper morphisms between
rigid-analytic spaces. However, their definition looks quite different from its counterparts,
and some proofs of “standard facts”are significantly more difficult. For example, the fact
that the composition of two proper morphisms is proper is only proved by leaving the
category of rigid-analytic spaces and working with either Berkovich spaces, adic spaces, or
formal schemes. In fact, in all of the three named categories one has corresponding notions
of proper morphisms which resemble more closely the standard scheme-theoretic notion.

Definition 8.7.1. Let V be an affinoid subdomain of an affinoid space U. We say that V
is relatively compact in U (or compactly contained in U), and write V @ U, if there exist
affinoid generators x;,...,x, € O(U) whose restrictions to V are topologically nilpotent
sup < 1 where j: V& U).

More generally, suppose that U — Y is a map of affinoid spaces and that V C U is an

(equivalently, |7*(x;)|

affinoid subdomain. We say that V is relatively compact in U over Y, and write V &y U,
if there exist affinoid generators x,...,x, € O(U) over O(Y), in the sense that we have a
surjection

oY) X,,....X,) > 0(U), X,—x;
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whose restrictions to V are topologically nilpotent.

Proposition 8.7.2. Suppose that SpB Cg,p SpA and let f € A°. Then there exists a monic
polynomial p = X" +a, X" ' +---+ay € R[X] such that j*(p(f)) € B> where j: SpB —
SpA.

Proof. Let xy,...,x, € A° be affinoid generators of A over R such that j*(x;) € B®. Since f
is powerbounded, it is integral over R°(X,...,X,) (proof of Proposition 4.2.1(¢)), so there
exists a monic polynomial

g=X"+b X"+ -4+ b, e R(X,,.... X, )[X]

with g(f) = 0. Let a; € R° be the constant term of b;, so that every ¢; = b; —a; is a power
series in the variables X; with zero constant term and coetficients in B°. It follows that
j*(c;)€B*®. Set p=X"+a, X" ' +---4a, € R°[X]. Then

PR =5 @)= e f )= =S ) == S )i () € B, O

Definition 8.7.3. A morphism f: X — § of rigid-analytic spaces is proper if it is separated
and there exists an affinoid admissible cover § = J,, §; and for every i, two affinoid ad-
missible covers {U; },¢, {V;;},¢ of X; = £7(S,) indexed by the same finite set J; such
that

Viies U, foralliel,je],.

Proposition 8.7.4. For f:Y - X and g: Z — Y inRigy, if f g: Z — X is proper and f is
separated, then g is proper. If [ and g is proper, so is [ g.

Proof. First assertion: TODO. The second assertion is much more difficult, see Temkin

[] O

Example 8.7.5. The rigid projective space P”*" is proper (over Sp K). Indeed, we have the
standard affinoid covering (Example 8.4.5) by

V= {|xj| <lxlt= SPK<XZ'," ] #1), Xii= xj/xi'
At the same time, we have the slightly bigger cover by
Uy ={le]- I < i |} = Sp K (X, j # 4),
and clearly V; € U,.
Example 8.7.6. Finite morphisms are proper (Exercise 1 on Problem Set 7).

Example 8.7.7. If X — § is a proper morphism of schemes locally of finite type over K,
then X** — §* is a proper morphism of rigid-analytic spaces. (See Exercise 2 on Problem
Set 7).

Theorem 8.7.8 (Kiehl’s finiteness theorem). Let f: X — S be a proper morphism of rigid-
analytic spaces. Then for every coberent sheaf F on X, the higher direct images

RfF
are coberent sheaves on S for all 1 > 0.

To get better acquainted with the notion of properness in rigid geometry, let us show the
following easy case of Kieh!’s finiteness theorem.

77
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Proposition 8.7.9 (Very special case of Kiehl’s theorem). Suppose that K is algebraically
closed and let X be a non-empty connected, reduced and proper rigid-analytic space over K.

Then Oy (X)=K.

Proof. Suppose that there exists a non-constant f € Oy (X). Take x € X and replace f with
f — f(x), so that f(x) = 0. Next, since X is quasi-compact, by the Maximum Principle
there exists a y € X so that |f|,, = [/ ()] # 0; replacing f with f/f(y) we get an f with
f(2)=0, f3)=1and |f],pp =1

Let {U;},¢; and {V;},¢; be finite affinoid coverings of X such that V; € U;. By Proposi-
tion 8.7.2, for every i there exists a monic polynomial p; € O[T such that [ p,(f1y )|, < 1.
Take p =[],/ p;; since the V; cover X, we get | p(f )]q, < 1.

Since K is algebraically closed, we may write p = [[(7 — ;) for some a; € 0. Then
X is covered by the sets W; = {|f — ;| < 1}, and in fact this is an admissible cover. Since
W,NW;, =0if|a; —a;|=1and W; = W, otherwise, the fact that X is connected implies
that there is an @ such that |f —a|,,, <1, contradicting the fact that f takes values 0 and
1. O

Corollary 8.7.10. An affinoid Sp A is proper over K if and only if A is finite-dimensional over
K.

Proof. If A is finite-dimensional over K, then SpA — SpK is finite and hence proper (Ex-
ample 8.7.6). It remains to show the converse.

Assume first that K is algebraically closed. Suppose that SpA is proper, and let 4,4 =
A/+/(0) be its reduction. Then Sp A, is proper as well. Write A, = [TA; where A, have
no nontrivial idempotents. Then SpA; are proper, connected, and reduced, and hence by
Proposition 8.7.9 we have A; = O(SpA;) = K. It follows that A is Artinian and hence

finite-dimensional over K.

For general K, one needs to work harder (TODO). O

We record one important corollary of Kiehl’s theorem.

Corollary 8.7.11 (Stein factorization). Let f: Y — X € Rigy be a proper morphism. Then
f factors uniquely as f = gh where g: X' — X is finiteand h: Y — X' has connected fibers.
In particular, every quasi-finite (i.e. with finite fibers) proper map is finite.

Proof. TODO O

Theorem 8.7.12 (Rigid-analytic GAGA). Let X be a proper scheme over K. Then X™ is a
proper rigid-analytic space, and the analytification functor

F — F™: CohX — CohX™
is an equivalence of categories. For & € Coh X, the maps induced on cohomology
H(X, ) — Hi(X™, F)
are isomorphisms for all 1 > 0. If' Y is another proper scheme over K, then the map
f— f*: Hom(Y,X) — Hom(Y*", X*")
is bijective.

Finally, let us discuss more examples of proper rigid-analytic spaces, to show that the
category is much bigger than proper schemes.

Example 8.7.13 (Non-Archimedean Hopf surface).

Example 8.7.14. Generic fibers of formal deformations of abelian varieties and K3 surfaces.
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Tate uniformization of elliptic curves

In this chapter we discuss the first serious application of the theory of rigid-analytic spaces,
in fact the very motivation for their introduction by Tate, namely the uniformization of
elliptic curves with split multiplicative reduction over a non-Archimedean field K.

In this context, the term uniformization refers to the possibility of expressing a family
of geometric objects Y in a uniform way as quotient spaces X /T where neither the space X
nor the group I depend on Y, only the action of T on X does.

For example, the classical uniformization theorem of complex geometry states that every
simply connected Riemann surface X is isomorphic to P!, C, or the unit disc A. Therefore
a compact Riemann surface Y of genus g can be expressed as X /T, where X is the universal
covering of Y, which must belong to one of the three types, and T, = 7,(Y’) is the surface
group of genus g; we have X = C for g = 1 and X = A for g > 2. Both C and A admit
natural metrics with constant curvature (Euclidean on C and hyperbolic on A), and the
group I'; acts via isometries.

In the genus one case, one has I} ~ Z x Z, acting on X = C by translations by a lattice
A C C depending on Y, and we can parametrize all genus one Riemann surfaces by lattices
in C up to homothety. A somewhat more economic expression is obtained by writing
A~Z®Zr for some T € C\ R and noting that the quotient of C by the subgroup Z C A

2riT

is simply C* (via the map z — €?7'%). Thus, setting g = ¢>™'7, we may write ¥ o~ C* /¢%.
We shall review both of these uniformizations in §9.2-9.6 below.

Tate’s idea was that while in the non-Archimedean case quotients of the type K/A (or
rather A}éan /M) are rather useless, the quotient Y = G /47 (with parameter 0 < |g| < 1)
is indeed an analog of a genus one Riemann surface over K. It is the analytification of an
elliptic curve E over K with split multiplicative reduction, and conversely every such curve
arises in this way for a unique value of g.

Tate’s uniformization has important applications to number theory. Its advantage over
its Archimedean counterpart is that it keeps track of the arithmetic through the action of
the Galois group. More precisely, if E is an elliptic curve over a number field K, and p is
a prime of K where E has multiplicative reduction, then the base change of E to a finite
extension L of the local field at p admits a Tate uniformization. Consequently, we have a
Gal(L/L)-equivariant isomorphism

E(L)y~L*/q*

for some g € L with 0 < |g| < 1/ We shall discuss some simple applications of this type in
§9.8.
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9.1 Elliptic curves over k as cubic curves

Definition 9.1.1. An elliptic curve over a field k is a smooth and proper geometrically
connected group scheme E over k of dimension one.

Here “geometrically connected” means that £ is connected. The group structure is auto-
matically commutative, and therefore we write it additively and denote its neutral element
by 0 € E(k). Properness of E implies that every global differential form is invariant under
translation; in particular, diim H%(E,wy) = 1, so E has genus one. Every k-scheme map
of E — E’ between elliptic curves which sends 0 to 0 is automatically a group homomor-
phism, and every curve (smooth and proper geometrically connected scheme of dimension
one over k) E of genus one with a chosen point 0 € E(k) admits a unique group structure
of an elliptic curve over k.

Let us recall how elliptic curves are classically understood by embedding them in P;. Let
E be an elliptic curve over k and let L be the line bundle associated to the divisor 0. Thus
L" is associated to 72 -0 and T'(E, L") is the space of meromorphic functions on E with pole
of order < 7 at 0 and no other poles. The Riemann-Roch theorem [ 10, IV 1.3] asserts that
we have

dimIT(E,L")=n forn>0,

and a corollary to that theorem [10, IV 3.1] says that L is ample, in fact, L’ is very ample.
Thus
E ~Proj(PT(E,L").

n>0
To find a presentation of the above graded ring, let x € I'(E, L?) be a function such that {1, x}
is a basis (that is, x has a double pole at zero and no other poles). Further, let y € T(E,L%)
be such that {1,x,y} is a basis. Then the seven elements

1,x,x%,x%,y,xy,y> €T(E,L°)
lie in a six-dimensional space and hence satisfy an equation of the form
a+bx+cx?+dx’ +ey+ fxy+ gy?

and we must have d, g # 0 since y? and x° are the only functions with a pole of order six.
We obtain a homomorphism of graded rings

0: k[t,x,y]/(at®+ bxt* +cx’t? +dx’ +eyt’ + fxyt + gy*) — @F(E,L”)

n>0

where degr =1, degx =2, degy = 3, so that the equation is homogeneous of degree six. It
is then easily seen that 6 is an isomorphism. Further, L? is very ample and by passing to the
subrings with degree divisible by three we obtain an isomorphism

Projk[X,Y,Z)/(aZ’ + bX7* + cX*Z+dX +eYZ+fXYZ +gY") 5 PTI(E, L)

n>0

where degX = degY = degZ = 1 and the map sends X — x, Y — y, z — 1. In other

words, we have
E =~ {aZ’+bXZ*+cX’Z+dX°+eYZ+fXYZ+gY?Z=0} C P;.

If char k # 2, then doing some simple change of variables (see [10, IV 4.6]) one can put the
equation in the Weierstrass form

Y?Z=X’+AXZ*+BZ°.

Replacing £ by a ring R or a
scheme S, we obtain the definition
of an elliptic scheme.
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Conversely, every cubic equation as above defines an elliptic curve (i.e., the resulting plane
curve is smooth) if and only if its discriminant

A =—16(4A’ 4-27B?)

is nonzero. One can wonder when two pairs (4, B), (4’, B) with discriminants A, A’ define
isomorphic elliptic curves; if & is algebraically closed, this happens precisely when

A3 < /)3

AT N
The quantity j(E) =—1728(4A)’ /A, called the j-invariant, does not depend on the choice
of the equation, and so we have E; ~ E; if and only if j(E) = j(E).

9.2 Elliptic curves over C as quotients C/ A

Let Y = E* be the complex analytification of an elliptic curve over C. Let 77: X — Y be its
universal covering space (which is again a Riemann surface, though no longer compact). We
know that Y is an orientable surface of genus 1, and hence by classification of orientable
surfaces it is homeomorphic to S x S'. Let A = 7,(Y,0) = H,(Y,Z), which is a group
isomorphic to Zx Z. If 0 € X is a basepoint lying over 0 € Y, then the group structure on Y’
lifts uniquely to a topological group structure on X with O as the neutral element for which
7t: X — Y is a group homomorphism. This makes X into a commutative complex Lie
group of dimension one, and the kernel of 7 is canonically identified with the fundamental
group A. The tangent space Ty X is identified with the tangent space V = T,Y (which can
be further identified with H'(Y, 0, or the dual of H(Y,},)). The exponential map

exp: V—oX

(where V is regarded as a complex manifold non-canonically isomorphic to C) is an isomor-
phism. We obtain a presentation

Y ~V/A~HYY,QL) JH (Y, Z).

It can be shown that the embedding H,(Y,Z) — H*(Y,;},)" constructed above is induced

by the integral:

1
(y,w) —» — | o

21 y

Less canonically, we conclude that the analytification of every elliptic curve is isomorphic to
the quotient C/A for some lattice A C C, where by a lattice we mean a subgroup generated
by a basis of C over R.

Let now A C C be a lattice. We want to show that the quotient Y = C/A indeed is the
analytification of an elliptic curve, find a Weierstrass equation and compute its j-invariant.
To this end, we would like to produce some non-constant meromorphic functions on Y’
with poles only at 0 (equivalently, sections of powers of the line bundle L = 0,,(0) on Y).
Such functions correspond to A-invariant meromorphic functions on Y with poles only in
A. To find such functions, we may try our luck by taking a function of the form 1/z* and
summing its translates by A:

1
=S
This series will converge uniformly in compact domains of C\ A for k£ > 3. For k =2, the
following “renormalization” trick allows one to get a convergent series:

Pe= 5+ 3 <<z—11>2_%>'

AA\O
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This is the famous Weierstrass elliptic function. It has a double pole at all points of A at no
other poles, and hence the induced function on Y has a double pole at 0 and no other poles.
It is therefore a candidate for the element x € T(Y,L?) in the previous discussion. As a
replacement for y € I(Y, L*), we could pick £;(z), but it is more traditional to consider the
derivative p’(z) of the Weierstrass function. This is not much of a difference, since we have
©'(z) =—2f;(2). One then has the following equation

('Y =40’ —gp—g 9.1)

with

g =60 > % g =140 > %
AeA\O AeA\0

Verylying (9.1) is easy: one only needs to check that the difference of the two sides of the
equation has no pole at 0 and vanishes at zero, which simply entails calculating the coeff-
cients of z* for —6 < k < 0. Then the difference is a A-invariant holomorphic function,
which must be bounded and hence constant.

The map ¢: Y — P%* induced by (p : o’ : 1) has image in the elliptic curve E defined
by the Weierstrass equation

Y?Z=X*+AX?Z +BZ°, A=—g /4, B=—g/4

This has discriminant
A=—16(4A+27B*) = g; —27g}

and j-invariant
&
(E)=1728==.

J(E) A

One checks that o: Y — E*" is an isomorphism.

9.3 Elliptic curves over C as quotients C* /g%

If ¢ € C*, then the lattices A and ¢ - A define biholomorphic quotients; we may therefore
assume that 1 € A is part of a basis {1,7} of A, i.e. A = Z® Z7. We may also assume
that T € H := {Imz > 0}. Then the quantities g,, g;, A and j(E) above can be treated as
functions of the variable 7. Moreover, since T and T+ 1 define the same lattice A, we have

LT+ =g(1), gr+1)=g(7), etc
It follows that it will be more economical to treat those as functions of the variable

q= erriT
(note that 7: ™% identifies H/27iZ with the punctured disc {0 < |g| < 1}). Similarly,
the Weierstrass function g satisfies p(z + 1) = p(z) and can be treated as a function of two

2miz

variables x = 2™ and g = ¢**'". In the following, we aim to write it as a series in those.

Lemma 9.3.1 (Lipshitz formula). For every k > 2 and z € H, one has

k

1 _(_27-”) S k—1_m _ ,2miz
2 T o x=e

neZ m=1
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Corollary 9.3.2. One has the following formulas

&(q) = piid <1+24OZ >

g(q)= <1—504Z >
n>1
A(q)=2m)*q] [(1—q")

n>1

7(q)=q 7" +744 41968844 + 21493760g” + 8642999704 + - -

1 w m m
p(w,q)=C<§+ZL—ZZ (1_6]—m)2>

meZ (1_wqm)2 m>1

:C<12 +m2>1< 1—w <1—wz:j;” 2 _2(1—6]:"’)2))
DZ<(1—W] 2(1(i01q”q)m)3>

meZ

_ 1 q" (wq™)*
-D<EW"” [ 22m>—41’2m’

m>1 meZ

where C = —47% and D = —8i°.

In more geometric terms, singling out the subgroup Z € A = 7,(Y") corresponds to
factoring the universal cover C — Y as follows:

C d Cx

quotientby A=Z €B>\ Aiem by ¢*

Y

where e(z) = exp(27tiz) sends A = Z @& Z1 to AJZ ~ q% where ¢ = e(t). We therefore
obtain

Y ~C*/4%.

The formulas in Corollary 9.3.2 imply that Y ~ E*" where E is the elliptic curve described
by explicit formulas in terms of g.

9.4  Formulas with integral coefficients

Setting o = 0/C and o’ = p'/D = wi_, we obtain series in g and w with rational
gP=p P =p Tof q

coefficients:
qm
Blwg)= -+ e s
%1— ,,,Zzl(l—q’”)z
1 w ,wqm ,wflqm qm
=—t— + —2
12 (1—w) §<(1—wqm)2 (1—w-lgm)  (1—gm)?

F(’w,q)=2<(1_wqm ~ 42 (wqm); 3>.

=~ wq™) (1—wq™)

These functions satisfy

(F)z = 453 — &0 — 83 ©.2)
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where

(q) <1+24OZ > Ti(q) = <1-504Z nq” >

The above equation has discriminant

Alg)=g)a)—2783@)=q] [1—q™)
m>1
and defines an elliptic curve with j-invariant j(q) = ¢~ + 744 + 1968844 + --- . Note that
primes other than 2 and 3 do not occur in the denominators of the coefficients.

Lemma 9.4.1. Let K be a non-Archimedean field of characteristic # 2,3. Then the above
formulas for g, 5, A and j define rigid-analytic functions on the punctured open disc A* =
{0 < |g| < 1} over K. For every q € A*, the formulas for @ and ' define meromorphic
functions on G with poles of order 2 and 3 respectively at the points g™ (m € Z) and no other
poles. They satisfy equation (9.2) and

plgw)=p(w), Plqu)=p'(@), p@)=pw™"), §'(@)=p @)

9.5 The construction

Let X = G2 = (A} \ 0)™ be the rigid punctured line with coordinate w, and let g € K be
an element with 0 < |¢| < 1. The presentation G,, = Spec K[w, v]/(wv — 1) gives rise to a
“standard” affinoid open cover

x=JU, U ={lwllol<lgl™}={lq]" <|w|<lq™"}.

The algebra of functions on X can thus be identified with

Ox(X)=1lim 0y (U, { Za w” : hm |a,|p” _Oforeveryp>0}

n neZ

We will need some finer affinoid covers of X . For rational numbersa < b, we let X[a, 5]

be the open subset
X[a,b]={lq)" <|w| <|q'} € X.

Then X[a,b] is an affinoid open of X, isomorphic to SpA[, ,; where

b

A, —K<—,—>={ =S a,w” : lim Ja,|-|gl” =0, lim |an|-|q|b"=o}.
q" w nez e e

Then the X[a,b] (4,6 € Q, a < b) form an admissible cover of X, and so do X[7,7 + 1]

(n € Z). Note that U, = X[—n,n].

The cyclic group g% acts on G,, by multiplying the coordinate w by powers of g. We will
denote by #,: X — X the map induced by multiplication by g. The induced action on X
is free and identifies ¢ (X[a, b]) with X[a +n, b +n]. This action is properly discontinuous
in the sense of the following definition.

Definition 9.5.1. Let X be a G-topological space satistying (G,), (G,), and (G,), and let
I' be a group acting freely and continuously on X (meaning that the maps y: X — X are
continuous maps of G-topological spaces for all y € T'). We call this action properly discon-
tinuous if X admits an admissible cover of the form {y - U},¢; ,er withy - UN U, = 0 for
y # e and such that the sets Uy o ¥ - U; are admissible for all i € 1.
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Indeed, we can take I = {—,+}, U_= X[—%,O], U, =X[0, %] In particular (see Prob-
lem 5 on Problem Set 6) we obtain a quotient rigid-analytic space Y = X /g% by identifying
(using the setup of Remark 8.1.4)

U, =X[0,0JUX[—1/2,—1/2]CU_ and U, =X[0,0]UX[1/2,1/2]C U,
via the isomorphism
idI_Itq:X[0,0]IJX[—l/Z,—l/Z]:»X[0,0]I_IX[l/Z,l/Z].

In more intrinsic terms, the underlying set of Y is the set of orbits of g% in X, a subset
U CY is an admissible open if and only if its preimage 7~ }(U)in X is an admissible open,
and similarly for admissible covers. The structure sheaf is defined as

0(U)= 0w () ={f €O (U)): 1 = [ ).
Lemma 9.5.2. The rigid analytic space Y is proper.

Proof. We first show that Y is separated. For this, it suffices to show that the map of affi-

noids
UnNU —UNU,

is a closed immersion. Identifying U_NU, with U_, = X[0,0]UX[—1/2,—1/2], the map
U, — U_ istheinclusionand U_, —» U, is U_, ~ U,_ — U,, i.c. the map induced by
idU ¢, Turning to algebra, this is equivalent to saying that the map of affinoid algebras

(r@r)x(r®t;)  Aipa®A01/2 Ao X Aj—1/2-1)2]

where 7*w = w are the restriction maps and t;w = qw, is surjective. Clearly, the two

component maps
r® 7A@ Angy and 7@ AL g ®A01n = Ay
are surjective (note that the latter equals the composition of the isomorphism
d® ;1 Ay 201 ® A0 = A0 @A 20)

and the restriction @7 : A[—l/Z,O]éA[—l/Z,O] — A[_i—1/))- Moreover, if A = A[—1/2,0]®A[O,1/2]
denotes the source of our map, then we have A 5 ®4A[_/5 _1/,) = 0. The Chinese Remain-
der Theorem implies that the map A — Ag g X A5 _y 5 1s surjective.

To show that X is proper, we pick a rational ¢ € (0,1/4) and let V_ and V_ be the image
inY of X[—1/2—e,e]and X[—¢,1/24 ¢], respectively. Then Y =V, U V_ is an affinoid
cover as well, and we have U, € V, and U_€ V_. O

9.6  Ample line bundle on Y

Since Y = X /q? for a free and properly discontinuous action of g% on X, the category of
sheaves on Y admits a simple description in terms of gZ-equivariant sheaves on X.

Lemma 9.6.1. One has an equivalence of categories
ShY ~Sh? X := {(F €ShX,p: 1;F = F)},
and similarly for coberent sheaves:

CohY = Coh? X = {(F € Coh X, p: 1 F = 7).

Convention: f* always denotes
the left adjoint to f, in what-
ever category of sheaves we work
with. Thus for sheaves of sets
or abelian groups this is the sheaf
preimage (Hartshorne’s 1), and
for Oy-modules this denotes the
0-module pullback.
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In particular, this means that a trivial (constant, or locally free) sheaf & on X may give
rise to a nontrivial sheaf on Y if endowed with a nontrivial action map ¢;.# — F. For
a simple example, let us take a unit # € T(X, 0y') and consider the object £, € CohY
corresponding to the equivariant coherent sheaf

(Ox,: 1,0y = Oy = Oy) € Coh” X.
This is a line bundle (invertible sheaf) on Y, and we have £, @ £, ~ %, .

Lemma 9.6.2. One has

Hom(Z,,£,)={f € 0x(X) : v(w)f (qw) = u(w)f (w)}.

In particular, £, and £, are isomorphic if and only if u[v = (t; f)/f for some f € O5(X),
and

LY, 2,)={f € Ox(X): f(qu)=u(w)" f(w)}.

Proof. By definition of a map of equivariant sheaves, a map (Oy,-#) — (Oy,-v) in Coh?’ X
isamap f: Oy — Oy for which the square

t,(Oy) —= 0x — 0y

r;fl /

t,(Oy) == 0Oy —— Oy

commutes, which amounts to the equation

v(w)f (qw) = u(w)f (w). .

Remark 9.6.3. Recall that for a group T acting on a module M, the module of coinvariants
M;. is the quotient of M by the submodule generated by the elements m —y - m for m e M
and y € Gamma. The above lemma implies that # — £, defines an injection

03(X),2 = PicY.

I don’t have a reference, but it is quite likely that Pic X is trivial, and so the above map is an

isomorphism.

To describe Y as an analytification of an elliptic curve, we seek a description of the line
bundle 0, (0) where 0 € Y is the image of 1 € X. After a few tries, one checks that the
function #(w) = —w ™! does the job. In other words, we define & = £ __ ., and we will
produce a section 6 € I'(Y, %) with a zero of order 1 at 0 and no other zeroes. Set V), =
[(Y, £%). By Lemma 9.6.2, we have

Ve ={f € 0x(X): fquw)=(—w)'f(w)}.

The direct sum V = ., V, is a graded ring, and we aim to show that £ = Proj V' is an
elliptic curve over K for which Y ~ E®.

Lemma 9.6.4. One has dimV, =k for k > 1.
Proof. Take f =3, ,a,w" € Oy(X). Then f €V, if and only if

a,q" =(—1)a,_, foralln. 9.3)

n

Compare with Chapter I of Mum-
ford’s Abelian Varieties.
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It follows that 4y, . ..,a,_, determine f uniquely:

m(m+1)
k 2

a,=x=q ra. fn=mk+rwith0<r<k.

Conversely, given any values ay,...,4;_;, the above formula extends it to a sequence 4,
(n € Z) satisfying (9.3). Since the power of ¢ is quadratic in 72, we have lim, . |4, [0” =0
for every p >0, and hence >, ., a,w” defines an element of Oy (X). O

For example, for £ = 1 the formulas in the above proof specify a unique up to scaling
nonzero element of V, the basic theta function:

Bw)=S(—1)q" " w".

ne’Z

Lemma 9.6.5. One has O(w) =0 if and only if w € g%. Moreover, the zero at 1 is of order one.

n(n+1)

g~ * w" and see that the n-th and the

n

It is amusing to substitute w = 1in >, ,(—1)
(—n — 1)-st term cancel each other. This is the reason we chose #(x) = —w™! rather than
#(x) = w~! in the definition of £. To prove the lemma, we need the famous Jacobi triple
product formula:

O(w)=(1—w )] [(1+4")(1—wg")(1—w"'q")
m>1
(see Problem 1 on Problem Set 8).

With the lemma at hand, we know that £ = 0,(0). In principle, we could now proceed
to study Proj V as in §9.1: choose x € V,, such that 6%, x is a basis, then choose y € V; such
that 6°,6x,y is a basis, note that in V there is (after suitably rescaling x and y) an equation
of the form y? = x> +---, and so on. However, it is rather complicated to find natural
candidates for x and y for which the equation can be explicitly computed. Instead, we shall
use the integral formulas of § above.

9.7 The Tate curve is an elliptic curve

We first prove the abstract result (which requires some nontrivial rigid geometry) and then
proceed to calculate an explicit cubic equation for E afterwards.

Proposition 9.7.1. There exists a unique elliptic curve E over K such that Y ~ E*".

Proof. Let ¢, ¢ € V, be a basis. For example, we could take ¢ = 6% and ¢ = 3" """+ V",
Note that ¢ and ¢ do not vanish simultaneously: first, ¢ = 6 has a double zero at g™
and no other zeroes. If ¢(1) =0, then ¢/ is a regular function and so ¢/8 € V,, which
is one-dimensional with basis 8, showing ¢ = ¢ - 6 for some ¢ € K*, contradiction. We
obtain a map

(p:¢): X > P

which is g%-invariant and hence factors through a map o: Y — P}ém. Since Y is proper,
o is a proper map (Proposition 8.7.4) with 0*0(1) ~ ¥?2. For dimensional reasons, the
map o is quasi-finite, and hence finite (Corollary 8.7.11). By Remark 8.5.2(3) and GAGA
(Theorem 8.7.12), the categories of finite morphisms to P} in the category of K-schemes
and of finite morphisms to P in Rig; are equivalent, and hence ¥ ~ E*" for some finite
map E — P}. Again by GAGA, the group structure on Y induces a group structure on £,
and hence E is an elliptic curve. O

See Mumford Tata Lectures on
Theta I for a complete develop-
ment of the theory of projective
embeddings of abelian varieties us-
ing theta functions.
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Note that since 0* 0 (1) = £?, we must have E ~ Proj V as claimed previously. We now
seek a concrete description of the curve E, and for this we shall assume that charK # 2,3.
This is done only for simplicity, so that we can use the complex formulas (§9.6) without
change (there we had some powers of 2 and 3 in the denominators). See [8, §5.1] for a
characteristic-free approach.

Consider the meromorphic functions p and g’ on X (Lemma 9.4.1). Then x = 6°p,
y =0°%’, and z = 6° are regular and form a basis V. Moreover, they satisfy the equation

y?z = 4x° —szzz —§3z3.
It follows that the map (x:y : z): X — Pi’a" induces a map
Y EF, E = {y?z=4x’ —g,xz*—g,2°} CP%,

which is an isomorphism. Indeed, the line bundle £* corresponding to this map corre-
sponds to a very ample line bundle on the elliptic curve E constructed previously, and hence
7 is a closed immersion and must therefore be an isomorphism.

Corollary 9.7.2. Suppose that charK # 2,3. The Tate curve Y = G2 /q% is isomorphic to the
analytification of the elliptic curve E, C P2 given by the equation

Y —E", E = {y?z=4x"—g,xz*—g,2°} C P,

where

- 1 n’q" — 1 n’q"
82(4):§<1+24021_qn>, and g3(q):—6—3<1—5042 ~ |-

n>1 =1 1—q

The j-invariant of E is given by the power series with integral coefficients

B 1728%)
g Lnso1—q™)

In particular, we have |j(q)| > 1.

7(q) =q ' +7444196884q + -

(The last assertion is true in any characteristic and can be shown with a just a bit more
computation.)

Lemma 9.7.3. A Laurent series of the form f(q) = q 7' +>.,504,9" € K(q)) with |a,| < 1
defines a bijection between {0 < |q| < 1} and {|w| > 1}.

Proof. See Problem 2 on Problem Set 8. O

Corollary 9.7.4. Suppose that K is algebraically closed. Then for every elliptic curve E over K
with |j(E)| > 1 there exists a unique q € K with 0 < |q| < 1 such that E* ~ G /4.

Proof. By Lemma 9.7.3, there is a unique such g with j(E,) = j(E). Since E and E, have
the same j-invariant and K is algebraically closed, we have £ ~ E . O

The proof shows that if K is not algebraically closed, then there exists a finite extension
L/K such that E ~ E, . In fact, the extension L/K can be taken to have degree at most two,
see [8,5.1.18].

Remark 9.7.5. TODO: Something about split multiplicative reduction.
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9.8 Applications

Proposition 9.8.1. Let E be an elliptic curve with |j(E)| > 1. Then there exists a finite exten-
sion L/K such that after replacing E | K with E; | L we have:

1. EndE~Z,

2. for every m > 1, the m-torsion of E sits in an extension

0—u,, > E[m]—>2Z/mZ—0,

3. for every prime { invertible in K, the Tate module T)E = h(_mn E(K)[£"] sits in a short exact
sequence of Gal(K /K )-modules

0—-2Z),(1)>T)(E)—Z,—0
where Z,(1) =lim u,,(K).
Proof. See Exercises 3 and 4 on Problem Set 8. O

Corollary 9.8.2. Let K be a number field and let E be an elliptic curve with complex multi-
plication (i.e. EndE # Z). Then j(E) € k.

Proof. Otherwise there exists a prime ideal p C O such that v,(j(E)) < 0. Let K be the
local field of p (i.e. the fraction field of lim G /p”, or the completion of K with respect
to v,). This is a non-Archimedean field and the base change Ey is an elliptic curve with

[7(Ep)| < 1. Therefore it becomes a Tate curve over a finite extension I of K, which implies
that End £; =Z. Thus End £ ~ Z too. O

Corollary 9.8.3. Let K be a number field and let E be an elliptic curve with j(E) & Oy. Then
E(K),.,, is finite.

Proof. Take [ as in the previous proof, which is a finite extension of Q, for the unique
prime p with v, (p) > 0. Changing notation, it suffices to show that if Y is a Tate curve over
a finite extension K of Q,, then the torsion subgroup of Y(K) =K>/ g% is finite.

We first show that K has only finitely many roots of unity. It suffices to show that (1)
the group of roots of unity of order prime to p is finite, (2) the group of roots of unity of
order a power of p is finite. To prove (1), use Hensel’s lemma and the fact that the residue
field of K is finite. To show (2), compute the ramification index of Q, () over Q,, and
check that it goes to infinity. Since K has finite ramification index over Q,,, it can contain
only finitely many of these fields.

Let v be the valuation on K (normalized so that v(uniformizer) = 1) and let m = v(q) > 0.
Suppose that y € K* gives an n-torsion point on Y for some prime £, i.e. 3" = g* for some
k. Write n = dn’ and k = dk’ with (n’,k’) = 1. Multiplying y by a power of g, we may
assume that 0 < k < 7. We then have y” = ¢* - { for some { € u (K). On the other hand,
v(y) = k’m/n’ must be an integer, forcing n’ < m. Since u(K) is finite, we also have d # N
for some N, and hence n < Nm. O
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9.A  Mumford curves

9.B  Raynaud’s uniformization of abelian varieties



Part I

Formal schemes






10

Formal schemes
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Riemann-Zariski spaces

The description of the category of (quasi-paracompact and quasi-separated) rigid-analytic
spaces in terms of formal models is rather formal (no pun intended). In this chapter, we
explain how it gives rise to a natural topological space (X), called the Riemann-Zariski
space, functorially attached to every such rigid-analytic space X. The space (X)) contains X
as a dense subset, and has the property of “filling in the missing points,” thereby fixing the
admissible topology.

We show that admissible sheaves on X correspond to sheaves on (X). For X = SpA
affinoid, we give an interpretation of the points of (X) in terms of continuous valuations
on A, giving a link with Huber’s theory of adic spaces. Finally, we explain (without proofs)
how the theory is related with Berkovich’s theory of analytic spaces: the Berkovich space
attached to X is none other but a “universal separated quotient” of the topological space (X ).

12.1  The Riemann-Zariski space

Let X be a quasi-compact and quasi-separated rigid-analytic space over K. Recall that the
category M(X) of admissible formal models (X, ¢: X ;, > X) is a cofiltering poset.

Definition 12.1.1 (Riemann-Zariski space). The limit of the obvious functor (¥,¢) — X
from M(X) to locally ringed spaces

(X) = lim X
M(X)

is called the Riemann-Zariski space of X .

Its underlying topological space, also denoted (X), is the inverse limit of the spaces
|X| = [Xp|. The structure sheaf 0y, will be denoted &*. It has the property that for
x = (xx)u(x) € (X), we have

0f =lim Oy, .
ey Xx
M(X)
In this chapter, we will be mostly dealing with (X) as a topological space, or even as a set.
For a formal model X of X, we denote by

e (X)X

x (
where X is a formal model of X and U C X is an affine open subset form a basis for the

the projection map. Since the poset M(X) is cofiltering, open subsets of the form 7

topology on (X). Moreover, the subcategory B 5 € M(X) of admissible blowups of a fixed
formal model X of X is cofinal in M(X') by m, and hence

Reference to Chapter 11
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(X)=lim X
—
(X' X)eB, ¢

The construction of (X) is functorial in X. Namely, if /: Y — X is a map between
quasi-compact and quasi-separated rigid-analytic spaces, then by M we can find a formal
model f:9) — X of f. Since by W for every (X' — X) € B,y we can finda (9’ - ) € By
fitting in a commutative square

/
—_

&3
b

B <—

|

P —

we obtain an induced map

_ . / . / __
M= lm Y- lm X=X
(9'—)eB,y (X'—X)eB)

which does not depend on the choice of the formal model /: Q) — X. We obtain a functor
X — (X): Righ — LRS,.
For every formal model (X, ¢) of X, we have the continuous specialization map
spr: X — X.
If f: X’ — X is a morphism in M(X), then the triangle

X 22y
spx lf
X
commutes. Consequently, we obtain a specialization map
spxs X — (X),
the unique continuous map (for the canonical topology on X) such that sp,. = 7y ospy for

every formal model X.

12.2  The Riemann-Zariski space is a spectral space

Definition 12.2.1 (Spectral space). A topological space X is spectral if it satisfies the follow-
ing conditions:

1. X is sober (Definition 5.A.1),

2. X is quasi-compact and quasi-separated (i.e. the intersection of two quasi-compact opens
1s quasi-compact),

3. X has a basis consisting of quasi-compact open subsets.

Remark 12.2.2. 1. Recall that the sobriety of X means that X can be naturally recovered
from its associated topos ShX (Proposition 5.A.4).

2. For any ring A, the space Spec A is spectral, and affine open subsets form a basis of topol-
ogy consisting of quasi-compact open subsets.

Reference to Chapter 11
Reference to Chapter 11

Reference to Chapter 10
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3. Conversely, a theorem of Hochster [11] states that if X is a spectral topological space,
then X is homeomorphic to SpecA for some ring A. This explains the name.

Theorem 12.2.3. Let (X;);c;
poset I, whose transition maps ¢, ;: X; — X, (1 > j) are continuous and quasi-compact (1.e. the

be an inverse system of spectral spaces, indexed by a cofiltering

preimage of a quasi-compact open is quasi-compact). Then the inverse limit

X =limX;
—

n

is spectral.

About the proof. By definition, X has a basis of topology consisting of 7r;'(U) where 7;: X —
X; is the projection and U C X is a quasi-compact open, and hence condition (c) of Defini-
tion 12.2.1 is satisfied. This also shows that X is quasi-separated.

Let us give a few indications about the proof that X is quasi-c. Recall that if the X are also
Hausdorff (and therefore compact), then X is compact Hausdorff. Indeed, it is a subspace
of the compact Hausdortf [ ,, X; cut out by the conditions ¢, ;(x;) = x;, which are closed
because X; is compact and X is Hausdortf.

The main idea of the proof is to make the spaces X; Hausdortf by considering the con-
structible topology.

Definition 12.2.4. Let X be a topological space. We denote by X_ . the set X endowed

with the topology generated by subsets of the form U and X'\ U for U C X a quasi-compact
open subset. We call this topology the constructible topology on X .

Note that if X has a basis of topology consisting of quasi-compact opens, then the identity
map X, . — X is continuous. Moreover, if f: X’ — X is a quasi-compact map, then
f: XC/OI'IS - X

ons 18 continuous. In particular, in the context of Theorem 12.2.3, we have an

inverse system {X; ;7 With a map of inverse systems {X; ... — X;} which is levelwise

,cons } ,cons

bijective. Passing to the inverse limit, we obtain a bijective map

Thus, to show that X is quasi-compact, it is enough to show that X’ is. This in turn follows
from what we said about inverse limits of compact Hausdorff spaces, thanks to the following
key lemma:

Lemma 12.2.5. Let X be a spectral space. Then X is compact Hausdorff-

ons

is Hausdorff. Let x,y € X with x # y. Since X is sober, in
particular T, and has a basis of quasi-compact opens, there exists a quasi-compact open
=UuX\U)
is a decomposition into two disjoint open subsets with x € U and y € X \ U. (This shows

Let us explain why X

ons

U C X containing one of the points, say x, but not the other. Then X

ons

moreover that X is totally disconnected, and hence profinite.) O

Corollary 12.2.6. Let X be a quasi-compact and quasi-sepavated rigid-analytic space over K.
Then the Riemann-Zariski space (X ) is spectral.

Proof. Indeed, by definition we have (X) = lim ) |%|. The spaces |X| = |X;| are the
underlying spaces of quasi-compact quasi-separated schemes, and hence are spectral. The
maps |X;| — |Xo| in this system are quasi-compact (in fact every open subset of X is quasi-
compact, since X is a Noetherian scheme). By Theorem 12.2.3, the inverse limit is spectral.

O
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12.3  Sheaves on the Riemann-Zariski space

Theorem 12.3.1. Let X be a quasi-compact and quasi-separated rigid-analytic space over K.
We have an equivalence of categories

Sh*m(X') ~ Sh(X)
between the category of admissible sheaves (of sets) on X and the category of sheaves (of sets) on
its Riemann-Zariski space (X ).

Lemma 12.3.2. Let U C X be a quasi-compact admissible open subset. Then the induced
morphism

(U) = (X)
is a quasi-compact open immersion. Open subsets of the form (U) for U C X quasi-compact
open form a basis of the topology on (X).

Proof: We showed in m that the open immersion U < X admits a formal model 4l — X

which is an open immersion. We obtain a commutative square

(U) —=(X)
H X.

We claim that this square is Cartesian, i.e. (U) = 72! () (which implies the assertion of the

X
lemma). Indeed, (X) is the inverse limit of admissible blow-ups (X — X) € B . and likewise
for 4. We showed in M that every admissible blow-up I’ — £l extends to an admissible blow-

up X’ — X. This shows that
x/'—)x/Xxu : B/BE_’B/LL
is cofinal. This formally implies the required assertion. O

Corollary 12.3.3. The specialization map spy : X — (X)) is a topological embedding when X
is endowed with the canonical topology, i.e. is injective and the induced topology on X agrees
with the canonical topology.

Proof. The canonical topology has a basis consisting of quasi-compact admissible opens U,
and we have sp'((U)) = U. Thus the assertion follows from Lemma 12.3.2. O

To construct the desired equivalence Sh*™ X ~ Sh(X), we adopt the following notation.

e For an open subset U C (X), we write U, = U NX = sp,'(U), which is a subset of X,
open for the canonical topology.

e For an open subset U C X (for the canonical topology), we write U* for the union of
all open subsets V' C (X) such that V, = U (equivalently, the largest such subset, by
Corollary 12.3.3).

Note that we have (U*), = U.

*

Lemma 12.3.4. For U C X a quasi-compact admissible open, we have U* = (U).

Proof- It x € U*\(U), then picking a formal model {{ — X as in the proof of Lemma 12.3.2,
so that (U) = 7' () then 74 (x) ¢ 4. Pick a closed point y € X in the closure of 7y (x),
so y & il as well. Since spy: X — X is surjective onto the set of closed points of X M, we
can find z € X with sp,.(z) = z ¢ 4l. Consequently, sp,(z) ¢ (U). O

Reference to Chapter 11

Reference to Chapter 11

Reference to Chapter 11
Finish proof.
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Lemma 12.3.5. (a) Let U = U
X. Then U*:U U-*.

acl ~a

et Uy be an admissible cover of an admissible open subset of

(b) For every rwo admissible opens U,V C X, we have (UNV)* =U*NV*,

() Let U, U, (a« € I) be quasi-compact admissible opens of X such that U* =|J,_, U;. Then
U =, is an admissible cover.

Proof. aa O
With the three claims of the above lemma, we make the following constructions:

o Let 7 be asheaf on (X). We define the presheaf ¢, .Z for the admissible topology on X
by
(€. Z)NU)=Z(U").

We check that ¢, 7 is a sheaf for the admissible topology: if U = ], U, is an admissible
cover, then we have a diagram

(fﬁH X
F(U

where the bottom row is exact by Lemma 12.3.5(a) and the fact that F is a sheaf, and the

U) —= [ Lees(e.7 NU,) —= T Lo, per(e. 7 MU, N Up)

|

Hae] c%.(ljoj) Ha,ﬁe] g(U; N Ug)’

")

right arrow is an isomorphism by Lemma 12.3.5(b), so the top row is exact and .Z is a

sheaf.

e Let % bean admissible sheaf on X'. We define a presheaf £} ¢ on the base of (X) consiting
of U* = (U) for U C X quasi-compact admissible open by

(e, 9)U")=9(U).

We check that this is a sheaf on the base: if U* =|J U}, then U =| J U, is an admissible
cover by Lemma 12.3.5(c). Moreover, U N UIB* = (U,N Up)" by Lemma 12.3.5(b). It
follows that ¢} ¢ extends uniquely to a sheaf £, % on (X).

We arrive at the following more precise formulation of Theorem 12.3.1:

Proposition 12.3.6. The constructions F — ¢, F and G — ¢*G define mutnally inverse
equivalences of categories between Sh(X) and Sh*™ X .

Proof. O

12.4  Examples of points of the Riemann-Zariski space

12.5  Points of the Riemann-Zariski space as valuations

The notion of a valuation on a field has a natural extension to general rings. Recall from
§2.1 that for a linearly ordered abelian group I' (written additively), we extend the addition
from T to T U {o0} by co + y = 00 4 0o = oo for y €T, and the order by co > y for all
y€rl.

Werite something.

101

Example: types of points on the

RZ space of the closed unit disc.



102 INTRODUCTION TO NON-ARCHIMEDEAN GEOMETRY

Definition 12.5.1. Let A be a commutative ring. A valuation on A is a function
v:A—>TU{oo}

where I is a linearly ordered abelian group (written additively) such that

(@) »(0)= o0 and ¥(1)=0,

(b) v(xy) =v(x)+u),

(© v(x+y)=min{v(x),v(y)}.

The subset p, =v~!(00) is a prime ideal of A, called the support of v, and the fraction field of
A/p, is denoted by k(v) and called the residue field of v. One defines equivalence of valuations
as in the case of fields.

The valuation v factors through a valuation v: A/p, — T'U{oco} which extends to a unique
valuation v: k(v) — TU{oo} on the residue field. We denote by 0, C k(v) the corresponding
valuation ring. The pair (p,, 0,) remembers v up to equivalence, and we have a bijection
between equivalence classes of valuations on A and pairs consisting of a prime ideal of A
and a valuation subring of its residue field.

Definition 12.5.2. Let A be a topological ring. A valuation v: A — T'U{oo} is continuons
if {x €A : v(x) >y} is open in A for every y €L,

As in the case of fields, it follows that {x € A : v(x) >y} and {x € A : v(x) =y} are open
forall y €T,. If T, # {0}, then v is continuous if and only if {x €A : v(x) > y} is open for
ally eI,

Definition 12.5.3. Let A be an affinoid K-algebra. We denote by SpaA the set of equivalence
classes of continuous valuations v on A such that v(x) > 0 for every powerbounded x € 4,
and call it the adic spectrum of A.

Lemma 12.5.4. Let v be a valuation on an affinoid K-algebra A, and let .o/ C A be an admis-
sible O-algebra with A= </[1]t). The following are equivalent:

(a) v € Spai,

(b) for every x € .o, we have v(x) > 0, and for every x € .o/ with v(x) < oo there exists an
n > 1 such that v(t™) > v(x).

Proof. For (a)=>(b), we first note that .o/ C A°, so v >0 on .¢/. Second, since {¢" - .¢/} is a
fundamental system of neighborhoods of 0 € 4, continuity of v entails that for every y €T,
there exists an 7 such that v >y on ¢” - .&/. Taking y = v(x) gives the assertion.

For (b)=(a), recall that A° is the integral closure of .¢/ in A. Since valuation rings are
integrally closed, v > 0 on .¢/ implies v > 0 on A°. For the continuity of v as in (b), we need
to find for y € T, and 7 such that v > y on ¢t” - /. Write y = v(x) for x € A, and write
x =t"y with y € .¢/, then the second part of (b) gives the assertion. O

Proposition 12.5.5. Let X be a quasi-compact and quasi-separated rigid space, and let x € (X).
Then the local ring O has the property that every finitely generated ideal containing t” for some
n > 1 is invertible.

. . . .
Proof. We have 07 =lim o Oy, > and since the X are admissible, the rings Oy, are

t-torsion free. Thus ¢ is a nonzerodivisor in OF.

In Huber’s theory, this is denoted
by Spa(A, A°), but we use SpaA for
brevity.
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Let/ C 0 beafinitely generated ideal such that t” € I, say I = (f,,..., f,). By definition
of inductive limit, the f; come from some Oy , , and hence there exists an X and a finitely
generated ideal /' C Oy, such that I = I"- 0. We can also assume that ¢” € I, and
that there exists an admissible ideal sheaf # C 0y with 4, =1'. Let X’ =Bl , X — X be
the admissible blow-up of .¢. Then .# - Oy, is invertible, and hence so is I’ - Oy, S3y
I Oy, =(g),thenI =g-OF is principal. Now g divides £”, which is a nonzerodivisor
in 0, and hence g is a nonzerodivisor in O.f, so I is invertible. O

Lemma 12.5.6 (See [9, 0 8.7.9] or [2, 1.9]). Ler A be a local ring containing an element
t € my such that every finitely generated ideal containing t” for some n > 1 is invertible, and
let ] =(\(t") C A. Then B = A[1/t] is a local ring whose maximal ideal is equal to |, and
V =A/] is a valuation subring of the residue field ky = B/]. The ring A is the preimage of V
under B — k.

Proof. Firstofall, (¢)isinvertible, thus ¢ is a nonzerodivisor and A — B is injective. We also
note that £/ =], which implies that J = t '], in particular ] is an ideal in B. To show that
B is local with maximal ideal J, it suffices to show that every element in B \ J is invertible.

Let /€ A\ J, we will show that f is invertible in B. By assumption, we have /¢ (¢")
for some 7 > 1. Since A is local, if an ideal (f},...,f,) € A is principal, it must equal (f;)
for some i. Apply this to the ideal (f,t"), we see that (f,t”) = (f) since f ¢ (¢"). Thus
t” = f g for some g €A, and f is invertible in B. Together with | = 7!/, this shows that
B*=B\].

Moreover, the above reasoning shows that every element of B \ A has its inverse in A.
This implies that V =A/] is a valuation subring of k. O

Remark 12.5.7. Lemma 12.5.6 combined with Proposition 12.5.5 imply that the sheaf

1
%= |

isasheaf of local rings on Gx,. This sheaf corresponds to Oy under the equivalence Shdm X ~
Sh(X), while 0’&> C Ol corresponds to the subsheaf 0% = {f € Oy : |f] < 1} defined in
Example 8.3.2. This gives (X) the structure of a “triple” (or a “doubly locally ringed space”)

(X), O, ).

As developed in [9], the category of such triples is a good target category for rigid-analytic
spaces.

Let X = SpA be an affinoid rigid space, let ./ C A be an admissible 0-algebra with
</[1/t]=A, and let X = Spf.¢/, which is an admissible formal model of X. We construct
a bijection between (X') and SpaA.

Let x € (X) and let x;, = 7y(x) be its image in X = Spf.e/. Then O satisfies the
assumption of Lemma 12.5.5, and hence its ¢-adic completion \//\x is a valuation ring with
tV, # V... The composition

A > Op = O > vx

induces a valuation v, (up to equivalence) on A = .¢/[1/t] which is non-negative on .¢/ and
positive on ¢, and hence belongs to SpaA Lemma 12.5.4. This defines a map x — v, : (X) —
SpaA.

Let now v € Spa4, let 0, C k(v) be the corresponding valuation ring, and let \Z be its
t-adic completion. This is a valuation ring because V/, is t-adically separated m. The map

Explain this better.
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.o/ — 0,— V, induces a map of formal schemes
SpfV, — X =Spf.qo/.
If X’ — X is an admissible blow-up, then the above map lifts uniquely to X':

%/

SpfV, — = X.

Indeed, by the universal property of admissible blow-up, we only need to show that for an
admissible ideal I C .¢7, the ideal I - \//\V is invertible. This is true because \//\V is a valuation
ring, I - {/\V is finitely generated (because [ is), and it is nonzero because ¢t” € I for some »
and r #0in {/\V By the fact that such X’ are cofinal in M(X) and universal property of the
inverse limit (X), we obtain a map of locally ringed spaces

SpfV, — (X).

Let x, € (X) be the image of the closed point of Spf {/\V under this map. This defines a map
v x,Spad — (X).

Theorem 12.5.8. The maps x — v, and v — x,, described above establish a bijection
(X) ~SpaA.

Proof. O

12.5.1 Berkovich spaces

Recall that if x and y are points of a topological space X, we say that y is a geneneralization
of x, or that x is a specialization of y, or that y specializes to x, and write y ~ x, if x € {y}.
If X is Ty, this gives an order relation on X.

Definition 12.5.9. A spectral topological space X is valuative if for every x € X, the set of
all of its generalizations is totally ordered (by the specialization relation) and has a unique
maximal element x,___.
We denote by
sepy: X — [X]
the quotient by the relation generated by x ~ y if y ~ x (that is, x ~ x’ if and only if

/

! ) and call it the universal separated quotient of X .

Xiax — X

Note that theset X, ={x € X : x =x
map will not be a homeomorphism in general.

} maps biyjectively onto [X ]. However, this

max

Proposition 12.5.10. Let X be a valuative topological space. Then the space [X ] is T;, and
every continuous map X — Y to a T, topological space Y factors uniquely through sep .

Theorem 12.5.11. Let X be a quasi-compact and quasi-separated rigid-analytic space over K.
Then the following hold:

(a) The Riemann-Zariski space (X ) is a valuative topological space.

(b) Its universal separated quotient [ X | :=[(X)] is compact Hausdorff.

Write something.
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Definition 12.5.12 (Berkovich spectrum). Let A be a Banach K-algebra with norm |- |,. A
multiplicative seminorm on A is a map

|-]: A—[0,00)

such that —log|-|: A — RU{oo} is a valuation on A. We say that a multiplicative seminorm
|| on A is bounded if there exists a C > 0 such that |f| < C-|f]|, for all / € A. We denote
by 4 (A) the set of bounded multiplicative seminorms on A, endowed with the weakest
topology such that the maps

|| =1fl + M(A)—[0,00)

are continuous for all / € A. The topological space /4 (A) is called the Berkovich spectrum
of A.

The notion of boundedness above depends only on the equivalence class of Banach norms.

Since all norms on an affinoid K-algebra are equivalent, we can talk about .# (A) for an affi-
noid K-algebra A without referring to a particular norm on A.

Berkovich showed that .# (A) for an affinoid K-algebra A has remarkable properties, e.g.
it is compact and Hausdorff and locally path connected, and its homotopy type is closely
related to the combinatorial structure of special fibers of formal models of X = Sp A.

Theorem 12.5.13. Let A be an affinoid K -algebra and let X = Sp A. For |-| € M (A), denote
by vy =—log|-|: A — RU{oo} the associated valuation. Then:

(@) For every |-| € M (A), the valuation v, belongs to SpaA = (X).

(b) The composition
M (A) = (X) = [X]

is a homeomorphism.

Warning: The map ./ (A) — (X)

is usually not continuous.

Write something about the
proofs of the above results.
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