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Riemann-Hilbert correspondence

Meromorphic flat bundles are described in a topological way, or more roughly,

as tuples of vector spaces and linear maps.

Regular case

Regular meromorphic Local systems
flat bundles on (X,D) on X\D

General meromorphic flat bundles

Meromorphic flat bundles Local systems on X\ D
on (X,D) with Stokes structure at P € D

Remark More recently, D’Agnolo, Kashiwara and Schapira developed the theory
of enhanced ind-sheaves, and proved that the category of holonomic Z-modules
is functorially embedded into the category of R-constructible enhanced ind-
sheaves.




A general problem

s N

Problem For a given integral functor F, how G is described, or explicitly computed?

( Mero. flat bundles on (X,Dx) ) £, ( Mero. flat bundles on (Y,Dy) )

| |

( Stokes-Loc. sys. on (X,Dx) ) SN ( Stokes-Loc. sys. on (Y,Dy) )

Let K be a holonomic Z-module on X x Y.
Let p1: X XY — X and py : X XY — Y be the projections.
Suppose that F is given as

F(M) := py, (pi(M)©K)
Abstract answers
@ translate F into a functor for R-constr. enhanced ind-sheaves.

@ more direct approach using only constructible sheaves.

They are not so easy to compute.



( )
Problem’ For a given integral functor F, how G’ is described, or explicitly computed?

( Mero. flat bundles on (X,Dx) ) SN ( Mero. flat bundles on (Y,Dy) )

tuples of vector spaces G? tuples of vector spaces
. — .
and linear maps and linear maps




Goal of this talk

Igebraic hol i
30utm< algebraic holonomic ) (Fourier transform)

2-modules on C

We study the Stokes structure of Four(M) at oo.

@ Introduce another way to formulate Stokes structures
(Stokes shells)

@ Describe the Stokes structure of Four(M) at .

\\

Plan
@ Riemann-Hilbert correspondence (1-dim)
@ Fourier transform
@ Main results (a description of the Stokes structure of Four(M) at o)

@ Stokes shells



Riemann-Hilbert correspondence (1-dim)

Meromorphic flat bundles on a punctured disc

Let A:={ze€ C||z] < 1}. Let OA(x0) be the sheaf of meromorphic functions
which may have pole along 0.

Let 7 be a locally free 0A(x0)-module. A connection V:7 — 7 @ Q! is a
differential operator such that V(fs) = fV(s) +s®df. Such (¥,V) is called
a meromorphic flat bundle on (A,0).

(7,V) is called regular if there exists a locally free &x-submodule V C ¥
such that
VR OA+x0)=7, V(V)c Vo).

(7,V) is called irregular if it is not regular.

MF(A,0) = (meromorphic flat bundles on (A,O))

U
MF*(A,0) = (regular singular)



The associated local systems
Let (¥,V) be a meromorphic flat bundle on (A,0). For % C A*,

Loc(V,V)(%):={se€V(%)|V(s)=0}.

We obtain the local system Loc(¥,V) on A* = A\ {0} of flat sections.

Theorem (RH-correspondence in the regular case)
(¥,V) — Loc(¥) induces

Local systems )

MF"2(A,0) ~ Loc(A,0) := ( A*
on




MF(A,0) — Loc(A,0) is not equivalent.

p
Example

For a € z7!C[z"!], we have the meromorphic flat bundle
Lo = (OA(x0),d + da).
If a; # ay, then 2y, # %4, as meromorphic flat bundles. But, Loc(.%y;)

are isomorphic to the constant sheaf Cx-. (3 a global section exp(—a;).)
\\




Meromorphic flat bundles on formal punctured disc
Let ¥ be a C((z))-vector space. A connection on ¥ is a C-linear map

ViV — Qpc® 7 such that V(fs) = fV(s) +df @s.
The regularity is defined similarly.

MF(C((z))) := (meromorphic flat bundles on (C((z)))

U
MF*®¢(C((z))) := (regular singular)



Formal classification

-
Hukuhara-Levelt-Turrittin theorem
For any (7,V) € MF(C((z))), there exist m € Z-( and a decomposition

(VoC(E/) V)= @  (#aVa)®Za,

ae:—l/m(c[z—l/m]

where (%q,V4) are regular, and .Z, := (C((z'/™)),d +da).
Put .7 (¥):={a|%q # 0} C z7V/"C[z~ /™).

It is invariant under the natural action of Gal(m) :={a € C|a™ = 1}.
\

Notation For any Gal(m)-invariant subset .# C z~!/"C[z~1/™],

ME(C((z))) D ME(C((2)); #) := ((¥,V) € MF(C((2)), #(¥) C .#).



Formal completion
MF(A,0) 3 (7,V) — (¥,V) 5 := (¥ ®4 C[], V) € MF(C((2)))

o MF™2(A,0) ~ MF¢(C((2)).
® MF(A,0) % MF(C((z))) (not fully faithful)

Formal isomorphisms are not necessarily convergent.

Notation
For any (7,V) € MF(A,0), we set .7 (V) := j(y‘a)_
For any Gal(m)-invariant subset .# C z~'/"C[z~1/™],

MF(A,0) D MF(A,0;.7) := ((¥,V) € MF(A,0), 7 (V) C 7).



Stokes structures

We need to consider Stokes structure to obtain an equivalence of
meromorphic flat bundles and some topological objects. There are several
formulations.

Deligne and Malgrange formulated it as a family of Stokes filtrations.

Remark We shall naturally identify

(9(6) = eeV=1?)

2nZ-equivariant Z— 0" (L),
local systems on R |’

Loc(A,0) ~ (




Partial orders depending on the direction
For a=apz ®+Yocpcotyz 7 € 7 /mClz=1/™] with ag # 0, we obtain the function

Gq on R:

Re(age @V-10
Ga(8):=— (0e )
law]

Ga(B)) <0 <= —Re(a(reV"19)) <0 for [0 —6y| << 1 and 0 < r << 1

<= |e”%| decays rapidly on the sector |6 — 6| << 1.

The order <g on z~Y/"C[z~1/™] is defined by

a<gb<=a=b,or G4_p(0)<O.

For any a # b € z7/"C[z™1/™), we set St(a,b) := {0 € R|G4_p(0) =0}.
@ <y on {a,b} is constant on any connected component of R\ St(a,b).
@ aZyb, afgbat 0cSt(a,b).
9 a <g b= a <y b (if 6; is sufficiently close to 6p).
°

<p is changed when 6 goes through any point of St(a,b).



Stokes structure on local systems
Set Gal(m) := {a € C|a™ = 1} which naturally acts on z~1/"C[z1/™].
Take any Gal(m)-invariant finite subset .# C z~'/"C[;~'/"]. 272Z ~ 7.

(2mk)* g1 /m = gV m=V=T2mkm - (ppytq < (27k)*6 <= a <g_omk b

Let L be a 2n7Z-equivariant local system on R.

\\

g
Definition A 2mZ-equivariant Stokes structure on L over .¥ is a 2n7Z-equivariant

family of filtrations & = (79|60 € R) on Ly indexed by (.#,<jp) satisfying the
condition:

@ I decomposition Lg = P, s Gg o such that Fo = Yo<0aGo.6-

@ If 0, is sufficiently close to 6

7 0 70 70
Fhc sl and 67" =l (6l =78 Y 7
b<ga

N

Set St() := Uazrpe.s SUa,b) = Uarpe.s{Ga—p(0) = 0}.

@ 79 are constant on any connected component of R\ St(.#).

@ .79 is changed when 6 goes through any points of St(.%).



Morphisms

£ (L1,F) — (Lr,F) morphism et S/ : Ly — L, morphism(equivariant)
’ ’ F(FELip) C Félap (V6,0)

Remark Indeed, f(FEL; o) = f(L1o)N.FE(Lag) (strict).

Notation
LocSt - 2nZ-equivariant local systems
with Stokes structure on R
2nZ-equivariant local systems
LocS(.#7) == ] q y
with Stokes structure on R over .¥

Remark Later, we shall also consider 27mZ-equivariant versions for m € Z-.
We use “Locyt” and “LocS(.#)".




Riemann-Hilbert correspondence

Theorem (Deligne, Malgrange)
MF(A,0;.#) ~ Loc>(.#)

Stokes filtrations describe the growth orders of flat sections in the direction 6.

For a small £ >0, let ¢ : R — A\ {0} be given by ¢(0) = geV 10,
For (7,V) € MF(A,0;.7), we obtain L(?) := ¢*Loc(¥,V):

se FOL(V)g = lexp(a)s| = O(jz|™) on a sector around arg(z) =8 (3N),

(More precisely, s =Y s; for a frame (v1,...,v,) of 7, then |exp(a)s;| = O(|zZ[™").)



Easy examples
@ Let (¥,V) e MF®8(A,0).

L(V,V)g (a>60)
FOL(V V) =

FaLllV:V)e { 0 (otherwise)
@ % = (OA(x0),d +db). Then, Loc(.%,) = C-exp(—b), and

L(Zp)o (a>pb)
0 (otherwise)

FaL(Zs)o —{

We may distinguish .%;,, and .%, (b1 # by) by using the Stokes filtrations.

Remark In general, it is difficult to compute (L(¥,V),&F) from (¥ ,V).




GrZ and the formal completion

For (L,.#) € LocS(.#), the vector spaces Gr‘fs (L) (a € .7, 6 €R) naturally induce
a local system GrZ (L) on R.

The direct sum Gr¥ (L) := @, , GrZ (L) is naturally 21Z-equivariant, and equipped
with the induced Stokes structure &.

FEG% (L)g= P GZ (L

a<pb

When (#,V) ¢ (L,F) and (450 C((z/"),V) = B(ZLa ® Za) .

(¥,V) = descent of @ L4 ®Ha

7 1
(L,.F) = (GF(L),Z).




Globalization
Let X be a complex curve with a discrete subset D. Let (Xp,zp) (P € D) be
coordinate neighbourhoods.

Meromorphic flat bundles on (X,D) are equivalent to

- local systems £ on X\ D
(we obtain 27Z-equivariant local systems Lp (P € D) on R from Zx,\(p})

- 2rmZ-equivariant local systems with Stokes structure (Lp,#p) (P € D)




Fourier transform

Algebraic Z-modules on C are equivalent to modules over the Weyl algebra
C[z]{(d;). We have the automorphism of the Weyl algebra given by

(aZvZ) — (_Z, a:)

Fourier transform is the induced auto-equivalence on the category of modules over
the Weyl algebra, or on the category of algebraic Z¢-modules.

Let p; : C x C — C be the projection onto the i-th component.
Set .Z(zw) = (Ocxc,d +d(zw)). Then, Four(M) = pi, (p3(M) ®. L (zw)).



Question
It is natural to ask

Local sys. with Local sys. with
Stokes structure how? Stokes structure
. — .
(+ something) (+ something)
corresponding to M corresponding to Four(M)

(Arinkin, Beilinson, Bloch, Deligne, D'Agnolo, Esnault, Fang, Fu, Graham-Squire, Hien,
Kashiwara, Laumon, Malgrange, Sabbah, M,.....)

If M is holonomic, then Four(M)y_ € MF(Us, ).

Question
In particular, how to compute (£3 (M), #) € Loc™ corresponding to Four(M);,?

Remark The construction of Fourier transform can be translated to the context of
constructible sheaves on the real blow ups or enhanced ind-sheaves. We would like
to obtain a more computable way.



Regular singular case (Malgrange)
Assume M is regular singular at Sing(M) U {eo}.

@ 7 (Four(M),) = {Bu~'|B € Sing(M)} (where u=w"")

reg. sing. mero. flat bundle
Four(M) 5 = L ® .
| Begz(M) Pw ( determined by y,_g(M) < ¢._g(M) )

It determines GrZ (€% (M)).

@ Moreover, (£35(M),Z) is computed in terms of the monodromy of M.



Formal completion at oo

FourM)a= D (3oL, ) oF=) Mg)
BeSing(M)\{}
by the local Fourier transforms (Bloch-Esnault, Sabbah)

holonomic
FO): | D-modules | — MF(C((w™1)
on C((z))

F=) MF(C((z71)) — MF(C((w™))



Explicit expressions of local Fourier transforms (Sabbah, Laumon, Fu)

Take any non-zero p € UC[U], and a € C((U)). Set p:=ord(p) and n:= —ord(a).

Set
V:=p.(C((U)),d+da) ®R,

where R € MF™(C((z))) and p. : MF(C((U))) — MF(C((z))) is induced by z= p(U).

g(w’w) (ﬂ > ]7) Set ﬁ(w)(U) =N u< (U) = a(U) + p’(U) a/(U)' Then,

3 (V) 2 p) (C(U),d +daS + (n/2)dU JU).

As a result, GrZ (£3 (M) is explicitly described. We may still ask how to compute
(£5 (M), ).



Results on graded pieces

Induced filtrations

Let V be a finite dimensional vector space.

Let (/,<) be a finite partially ordered set.

A filtration .# of V indexed by (/,<) is a family of vector subspaces %,(V) (a €1)
such that (i) 3V = @, G (ii) Fu(V) = Dp<y Gy We set

FealV) =Y, Fp(V), Gr] (V)i=Fa(V)|FalV), G7(V):=DGCr] (V).

b<a

P
Let ¢: (/,<) — (/,<) be a morphism of ordered sets.

® We set (¢.7)c(V) := Lop(a)<cFa(V). Thus, we obtain a filtration ¢,.7
indexed by (/,<).

® We obtain a filtration .# on Gr?” (V) indexed by (¢~ (b),<).

0. (F)onV

FonV
on H{ Z on G27 (V) (be )




Induced local systems with Stokes structure (1)
Let w =¢/m ({,m € Zp).
Let mp : 2 1/"Clz~1/™ — z=@C[z~1/™] denote the projections:

T (Zow‘“) =Y oz

a>w
Let .# be a Gal(m)-invariant finite subset of z~'/"C[z~1/™].
Let (L, &) € LocS(.#).
o F — (34‘(“”9 = e T ] 6 € R) is a 2nZ-equivariant Stokes structure of L
over .7 (@) = 1,(.7).
@ We obtain the associate graded

D alwy= P Gf"w),Z).

be s (o) be s (o)

Each (Gri,w) (L),Z) is a 2wmZ-equivariant local system with Stokes structure
over

{b+ Yy Yaz‘“eﬂ}.

a<w

° (Grém (L), &) is 2nZ-equivariant.



Results on graded pieces
Let 7 € ME(P!,DU{eo}). Set .£5 := .7 (Four(¥)s)-

Let v=/{/m € Q0. Suppose
0# Bw’ € my(I3).

We obtain 27m-equivariant Grgizv (,!33(“//),9) € Loc)! over

IZ(Bw?) := {ﬁw”+ Y yaw“eyf},

0<a<v

Claim For v #1, Grgiv)u (,!33(“//),9) € Loc)! are easily described.




v>1

Let 7. be the index set of the HLT decomposition of 7 at .

We obtain (L(7,e),#) € Loc™ (%) from ¥[;_ € MF(Us, o).

Let I, be 2wmZ-equivariant local system on R with a globalization ¢, ¢ such that
(2mm)* ey, o = (—1)€em/;.

4 )\
Theorem

There exist B1z° #0 (o =v(v—1)"! > 0), a bijection

Vv F(Br2?) = {Blzw+ Z Ya2® € ﬂw} ~ ff(ﬁva
O<a<w
and an affine isomorphism v : R ~ R such that
0 V' (Su(Briz?),<y(e)) = (I3 (BW"),<p) for any 6 €R,

o Grgligu(ﬂs(y)??) Qe = v* Gr;;?gm(L(”//po),ﬁ) as 2mnZ-equivariant local

systems with Stokes structure.

Bi1z?®, vi and v; are computed explicitly (not unique).
.




v<l1
The stationary phase formula implies 0 € D.
Let %) be the index set of the HLT decomposition of 7 at 0.

We obtain (L(7,0),.#) € Loc™ (%) from ¥[;, € MF(Up,0).

¢ Theorem
There exist B1z° #0 (o =v(v—1)"! <0), a bijection

v A(Bi?) = {[ﬁzw-i- Z Yaz % € ﬂo} ~ /f(ﬁw”),
0<a<|w|
and an affine isomorphism v : R ~ R such that
® v (A(Bi1z?), <y(g)) = (S5 (Bw®),<g) for any 6 € R,

o Grgiv),)(ils(”f/),oo) QL = v* Grg?’gm (L(7,0), &) as 2mnZ-equivariant local

systems with Stokes structure.

Bi1z?®, vi and v; are computed explicitly (not unique).
.
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